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PREFACE. 



COME of the following papers have already appeared 
in various Mathematical Journals. These are now 
collected, and others are added. They are published, not 
as a complete treatise on the Geometry of the Triangle, 
but in the hope that they may be useful by way of 
reference. 

The method adopted is the Trilinear, though in some 
cases Cartesian co-ordinates have been employed. The 
author would be glad if this slight sketch should induce 
some competent Mathematician to prosecute the subject 
further, and to write an exhaustive treatise on the pro- 
perties of the Triangle. 

Jesus CoLLEaE, Oxfoed, 
June 1, 1867. 
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shewn to be the locus of a point at which the first two appear of equal 
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XI. If on the segments PA, PB, PC, three points i>, g, r be taken such that 

Pp^^.PAi Pq^-,PBi Pr^^. PC; and on PA^, PB^, PC^ 

2 2 

three other points p*, a*, / such that Pp* = — . P/l^ ; Pq^^ — . PB^^ ; 

n n 

2 

P/ = — . PCj J then p, p\ q, g', r, f' are concyclic. 

Condition 1. that the circle (pp'qq'rt^ shall touch the inscribed circle. 
2. That it shall be orthogonal to the polar circle. 
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points (e,iy,f); \t -, jtJ- 
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1^' . o = 0, are co-axal. 



Seven-tangent conic. 

Consequences, 1® — ^7**. 
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through O and P, (cos ^, cos ^, cos C); (sec J, sec £, sec C) touch the 
nine-point circle at its points of contact with the inscribed and escribed 
circles. 
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XXX. Given four concyclic points, the centroids of the four triangles formed 
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concyclic points. 
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XXXI. Extension of the theorem of Sect. XVII. 
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NOTATION. 



Gf O, P are taken in the following pages to represent the centroid (or centre 
of gravity of the area), the centre of the circumflcrihed circle, and the point 
of intersection of the three perpendiculars, respectively, of any given triangle 
ABC. 

A{B^ C^ are the middle points of the sides BC, CA, AB. 

D, a, -P the feet of the perpendiculars AF, BF, CF. 

My r, p the radii of the circmnscrihed, inscrihed, and polar circles respectively. 

Also {xyz) represents the circle which passes through the three points x,y,z; 
and (x^) the circle which has for a diameter the line joining a; to y. 



NOTES ON THE GEOMETRY OF THE 
PLANE TRIANGLE. 



Let X be any point on one of the sides — B C, say, of a given 
triangle ABCi then the polar circles of the triangles ABXf 
A Cx, will pass through two fixed points, which lie on the polar 
circle of the triangle ABO^ 




That these three circles are co-axal is easily inferred, from the 
fact that the polar circles of the four triangles that can be formed 
from any four lines are co-axal. 

Also, since three of the sides of the quadrilateral before us — see 
%. (1) — meet in A, it follows that this must be one of the limiting 
points of the system ; and, therefore, 1>, the projection of A upon 
the side B Cy must be the other; for given one limiting point, the 
other is the point of intersection of the line of centres with the 
polar of the first with respect to any circle of the system. 

Hence, whatever the position of the point x may be on the line 
B C, the polar circles of the triangles ABx, A Cx, wiU intersect 
that of the triangle AB Cin. two fixed points, which lie on the 
line drawn perpendicular to the segment A B through its middle 
point. 

Consequences. * 

1°. It follows from the above that the polar circle of each of the 
triangles ABx, ACx, AB C, is cut orthogonally by the <i.\:tv:}vfc 
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diescribed upon the segment Ax sls diameter ; for this last circle 
passes through the limiting points A and D of the above system. 

2K If m denote the middle point of the segment A x, the polar 
circle of the triangle AB Cis the locus of the points common to 
the circles whose diameters are the lines Ax and Pm; for when 
two circles cut each other orthogonally, the circle which has for 
a diameter the line joining their centres passes through their two 
points of intersection. 

3°. Hence, also, we may derive a well-known theorem, viz., that 
the polar circle is orthogonal to each of the circles which have the 
sides of the triangle for diameters. 

It may be observed that since the limiting points A and D are 
real, the polar circles of the above triangles — A£x, A Cx, ABC, 
will always intersect in imaginary points. 

Also these three circles will be ail real if either the angle B or 
C is an obtuse angle, and if x lie between B and C, 

n. 

Let X denote any point on the axis of homology of the triangles 
AB Cf BUF—iheQ. the polar circle of the first triangle cuts ortho- 
gonally the circle described upon the segment Gx oa diameter. 

It AB Che taken as the triangle of reference, the trilinear equa- 
tion to the axis of homology in question may be easily proved 
to be 

cos^a + cos Bp -J- cos Cy = 0, (1) 

and that to the polar circle to be 

« cos Aa^ + h cos ^iS^ -h c cos Cy = : (2) 

so that the pole of (1) with respect to- (2) is the point (~» t» ~)» 
i.e. the centroid G, 



_ Flfir. 2. 
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Hence, if x^ be the point of intersection of (1) with the line GF, 
the point G is the inverse of Xq relative to the polar circle (2) : and, 
therefore, (see Town8end''s "Modern Geometry," vgl. i. art. 156,) 
this circle is orthogonal to any circle which passes through G 
and Xq, 

Hence, also, if m be the middle point of the segment Gx, the 
polar circle is the locus of the points common to the circles whose 
diameters are the lines G x and P m. 



m. 

The polar circle of any tariangle ABCis the locus of the point 
of intersection of rectangular tangents to eadh of the three hyper- 
bolas which touch, respectively, the sides B C, CAy AB at their 
middle points Ai, B^, Ci ; and whose asymptotes axe the pairs of 
lines FB,FC:FC,FA: FA, FB. 




FifiT.S. 
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If we take tlie triangle PB 67— gee fig. (3)— as tlie triangle of 
reference, the equation to the hyperbola whieh touches £C at Ai, 
and whose asymptotes are P-5, F C will be 



where «i, Jj, e^ are the lengths of the sides B (7, CP^ PB, 

Hence the equation to its director circle is > 

*— iflaCOS^ia'+ Ji cos Bii^^ + <?i cos Ciy'— 2«i cos^iya-^2$iCOS^ia0=O ; 

-4i, Bij Ci denoting the angles of the triangle of reference PB C, 

(This may be easily deduced from the general expression given in 
Mr. Ferrers* " Trilinear Co-ordinates,** p. 87.) 

19'ow if we differentiate the above equation with respect to a, /9, y, 
w,e shall have tiiie following : 

cos -4ij8i — cos -5i iS = 0, 
Gos-4jo — cos C7i y = ; 

i.e. the centre of the director coincides with the point P; and the 
sides CAj BA are the polars with respect to it of the points B and 
Cy respectively ; or, tha locus in question is the polar circle of the 
triangle -4^(7. 



17. 

If a hyperbola, concentric with the polar circle, be supposed to 
pass through one of the vertices — A^ say — of a given triangle 
ABC, so that its asymptotes are parallel to the adjacent sides AB, 
A C; then any chord of this curve which subtends a right angle 
at the polar centre P will be a tangent to the polar circle. 
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A 




Let P be tite origin, and Pa:, Fy — ^the iatemal and external 
bisectors of the angle BFC — ^be the axes, of co-ordinates^ 

Then, if ii = radius of citcumdcribed circle, 

Z -5Pa? = 90P - ^ =» CFx ; see fig. (4.) 

P^==i2i2c08^, 

and the equation to tbe hyperbola in question will be 

^ /^ ^ ^7>2 ^aI '-5-^ M • ^B-a\ 

ar — cot — / = 4^ cos '-4I cos — cot — sin — — 1, 

or sin — «* — cos — y' = 4i2* cos ^A cos B cos C. 

Also, if a? cos a + y sina — ^ = 0, represent any chord of this 
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otmre, the equation of the lines joining its extremities to the 
origin is 

f (sin — a?' — co8-2-y') = 4i2'co8Mco8^cosC(a:coso + ysina)*; 

and the condition that these shall be at right angles is easily seen 
to be 

f^' sin -^ — 4i2' cos ^A cos B cos C cos 'a1 

— W cos — + 4i2' cos ^A cos B cos C sin ^a\ = Oj 

or jp' = — 4i2' cos A cos ^ cos (7, 

i.e. the (Jhord which subtends a right angle at P is a tangent 
to the polar circle, a:^ + y' = — 4i2'.cos A cos B cos C 

V. 

The polar circle of any triangle AB C is orthogonal to the polar 
oircle of each of the triangles BBC, PC A, FAB. 

For the centre of the polar circle of the triangle PBC^ for 
instance, is A ; and its radius = »JAP . AD 



= ^/2i2cos^.^i2sini/8inC 



= 2i2 i^cos -4 sin -S sin C, 
Also the radius of the polar circle of the triangle ABC is 



s/PA , PJD, or %R ^ — oobA cos B cos C. 

The condition that the two circles shall be orthogonal to each 
other is 

{PAY = 4-R' cos -4 sin -5 sin C — 4i2' cos A cos B cos C, 

= 4i2'cos'^ 
orP^ = 2i2cos^, 
an identity. 
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The polar circle is also orthogonal to the director of each of 
the four circles which touch the sides. 

Or, generally, it is orthogonal to the director of any conic which 
touches the sides. 

This theorem, which is the converse of the one referred to hy 
Dr. Salmon in his " Conic Sections," p. 327, Ex. 2, may he proved 
directly as follows : — 

Let ^U + .^mfi + is/ny = 0, be the equation of any conic 
touching a, P,y; then the locus of a point such that the tangents 
drawn through it to this curve are at right angles to each other 
will be represented by 

IcosAa^ + mcosBp^ + naosC'/ — (?+ mcos C+hcobB)^ 

— (m+ » cos-4 + ? cos C)ya 

— (n +7 cos B + mcoB A)aP = ; 

which may be put under the form 

where 8a = cos Aa^ — iSy — cos Oya — cos BaP, 

Si = cos B^ — cos CjSy — ya — cos -iajS, 
8c = cos Cy' — cos Bfiy — COS Aya — a0. 

Now the expressions Sa, 81^8^, when equated to zero, represent 
the circles described upon the sides of the triangle of reference as 
diameters ; also any circle which is orthogonal to 8a 9 Si,, Sc must 
be also orthogonal to lSa + m8i, + nSc. 

For if we form the Jacobian of the first three we have 



J= 



dS. 


dSa 


dSa 


da 


rfj3 


dy 


dSt 


dSt 


dSi 


da 


rf/3 


dy 


dS, 


dS. 


dS, 


da 


dfi 


dy 



1"; 



ROTES OK THE GEOMETRY 



which, by the theory of determinants, is equivalent to any of the 
Ibllowing forms :~ 



2^ 



da 


dS. 


dS, 
dy 




dS. 
da 


dS. 

dfi 


dS. 
dy 


dSt^ 
da 


dSt 
d$ 


dSt 

dy 


; so. 


dS 
da 


dS 
rf/3 


, dS 

dy 


dS- 
da 


dS 
d^ 


dS 

dy 




dS, 

da 


dS. 
dfi 


dS, 
dy 



dS 


dS 


dS 


da 


d0 


dy 


dSi 


dSi 


dSi 


da 


d? 


dy 


dS, 


dS, 


dS, 


da 


rf/3 


dy 



where 8 = I8a + mSi, + nSc. 

Hence, if any one of these determinants vanishes they will all 
do so ; i.e. the circle which is orthogonal to any three of the circles 
•in question is also orthogonal to the fourth. 

Now it is proved in Sect. 1 that the polar circle is the ortho- 
tomic circle of Sa, Sb, 8e. Hence it is likewise orthogonal to 
I8a + in8i, + n8c; i.e. to the director of any conic touching a,/3, y. 

Consequences. — a®. The polar circle passes through the centre of 
any equilateral hyperbola touching the sides. 

/3°. The directrix of any inscribed parabola is a diameter of the 
polar circle — a well-known theorem. 

y®. "We may also derive from the above the expressions for the 
distances of the polar centre from the centre of the inscribed and 
escribed circles, viz., 



FI=z Vp' + ^r"; I'K = s/p^ + 2rJ; &c. 

where /, JE'a . . . denote the centres ; and r, r^ . . . the radii of 
the circles which touch the sides. 
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VI. 

If we suppose a cooic to circiunscribe ABCy so that the tangents 
drawn to it through the polar centre, P, are at right angles to each 
other : then the chord of contact of these tangents touches the 
polar circle. 





C 

If the perpendicttlar PA be taken a» the y-asfs, an j a line at 
right angles to it as the ^aads, the eqjuations of the lines AB, AC 
will be easily found to be 

— ar sin ^ + yeosB = 2i^cos A cos B, 

a? sin 67+ y cos (7 = 2i?cos -4 cos C: 

hence any conic passing through A, B, C may be represented by 

Z(— arsin^+ycos5 — 2i2cos-4cosjff) 

(arsin C+ y cos O— 2i2cos-4cos O) 

+ (y + 2^cos J5 cos C){m(— a? sin^+y cos^ — 2R cobA cosB) 

+ n {xBiD. O + y cos — 2E COB A cos O)} =: 1 

which is equivalent to 

— ?sin B sin Cx^+ {I cos B cos 0+ w cos jff+ n cos C)f/^+2hxy 
+2ya;+2/y— 4i?cos^ cos-5 cos C{— I cob A-^-m cos^+n cosC)=0 ; 
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2 A, 2^, 2/ being written, for shortness, as the co-efficients of xy^ 
X and y, 

Now the two tangents through the origin to the curve 
asi? + 2hxy + 3/ + 2gx + 2/y + e? = 0, 
ai-e represented by the equation 

c{ax' + ^^y+W + 2y^ + 2/y + 

and the condition that they shall be at right angles to each other 

Also the polar of the origin yx +j^ + <? will touch the circle 

x^ + y^ — P^f provided that ^ + /* = -y ; 

P 

Henceu -combining these two conditions, we find that if the polar 
in question subtends a right angle ^ the origin, it will touch the 
circle a?* + y' — p', when e = p^{a+ h), 

Now in the case of the conic before us this condition is satisfied, 
whatever the values of I, w, n may be, if 

p' = ^ 4B^ cos A cos B cos C. 

For ^= — 4ii?cos^cos^cosC(— ^cos^+wcosB + ncos C) ; 

a+h = lcos{B+ Cj + mcoa^-J^ncoB C 

= — I COB -d! + w cos ^ + n cos C, 

or tf = — 4i2^cos-4cos-5co8 t7(tf + J). 

which proves the theorem. 
The above admits of the following extension : — 
Let JT denote any conic circumscribing a given triangle ABC, 

such that the tangents to it from a given point F are harmonically 

conjugate with the lines joining P to two other fixed points Q, jB. 

Then the envelope of the chord of contact of these tangents is 

a conic passing through Q, B ; and self-conjugate with respect to 

the given triangle ABO, 
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vn. 

The polar circles of the four triangles that can be formed from 
the sides BC^ CA, AB, and either of the two tangents through 
the centre of the circumscribing circle to the maximum inscribed 
ellipse, will touch each other at a common point. 

This theorem will be proved if we can i^hew that only one 
rectangular hyperbola can l)e drawn to touch the quadrilateral 
formed by the sides and one of the tangents in question. 

Now the two equilateral hjrperbolas which touch a, P, y and 
\a + fAP + vy, are represented by the equation 

where 
X« + if 2 + JV^2 + 2 JCTcos A + 2iVZ cos B + 2Z Jf cos C = 0, 

A fi P 

also the condition that these curves shall coincide is 

sin ^A . sin ^B sin^ C (cos -ff eos C — cos A) 

-T¥- + —2- + —2— + 2^^ ' 

^ (cos C cos -4 — cos B) 

"T -^ ' ; — ' — • 



p\ 



(cos ^ COS ^ — cos C) __ f. 
X/i 

or (sin^/iv+sin-SvX+sin (7X/i)* = 4X/ii/(Xco8^+/iCos^4-vcosC). 

This equation, then, represents the envelope of a variable line 
(X, /i, v), such that only one rectangular hyperbola can be drawn to 
touch it and the sides of the triangle of reference. 

Hence, since the equation is satisfied when X cos ^ + /* cos B 
+ i; cos (7 = 0, and sin A/jlv + sin Bp\ + sin C\fi = 0, simultane- 
ously, we see that the line (X, /x, u) will in two instances coincide 
with the tangents through the point X cos ^ + /x cos -S + v cos C, to 
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the conic sin ^ fcy + sin ^ vX -|- sin CXfj. ; i.e. with the tangents 
through the centre of the circumscribing circle to the maximiun 
inscribed ellipse^ 

"Note. The above envelope is evidently a curve of the fourth 
class, which pawaes through -^, B, C and the centre of the cir- 
cumscribed circle; and touches the sides BC^ CAy AB, 

If the triangle is acute-angied, 0, the centre of circumscribed 
circle, will lie inside the maximum ellipse in question ; and the two 
tangents will be imaginary. 

If the triangle is right-angled, will lie on the ellipse, and the 
system of polar circles will reduce to a point. 

Lastly, if the triangle is obtuse-adgled, O will Ife outside the 
curve, and the two tangents, together with the polar circles, will 
be all real. 

^ («i> A, yi), (oj, jSsj ya) denote the points Qi, Q^ which are 
common to the polar and circumscribed circles, the equations of 
the two* tangents through to the maxmmm inscribed ellipse 
will be 

for the line ^ -|- m)3 -|- ny = 0, wiU pass through 0, and touch the 
curve /^tfa -I- ss/hfi+ »/cy=^ 0, provided that 

I COB A + mcos B + n COB C =^ Of 

a h c 
and 7 + - + - — ; 

i.e. provided that Z, w, n are proportionsd to the co-ordinates of 
either of the points Qj, Q^, 

Hence, we have the following construction for the two tangents 
in question : — 

Let -R„i?j be the points inverse to d, Qj '^th respect to the 
sides of the triangle of reference, then the required tangents are 
the polars relative to this triaiigle of Bu B^. 
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The expression Polar of a point, in regard to a triangle, is due to 
Professor Cayley, and denotes "a line constructed as follows: — 
viz. R being the point and ABC the triangle, then t^ing on BC 
a point tf, the harmonic in regard to the points B and C of the 
intersection of BC hy AR\ and in like manner on CA and AB 
the points I and (? respectively, the three points a, -5, ^j lie on a line 
which is the polar of the point 22. If the equations of the sides 
are a? = 0, y = 0, gi= 0, and the co-ordinates jof the point are 
a, |3, y, then the equation of the polar is 

a ' 3 y 

(See the "Educational Tim^s," voL i. p. 77.) 



vm. 

If {xy) denote the -circle described upon the line joining the points 
X and y as diameter ; the six points of intersection of the three 
pairs of circles {AAi\ (BC); {BBi\ {CA); {CC^\ {AB) lie on 
the circumference of another circle, whose centre coincides with the 
centre of gravity Gy and which cuts orthogonally the polar circle- 

The equation to the circle {BC) must be of the form 

l{aa + J/3 + Cy)a=za^ + hya + Cafi; 

also, since the curve passes through JE', (cos C, 0, cos A), 

k = cos Ay 

,', {BC)=. 0,0% Ac? — j8y — cos Cya — COB Baft = 0, represents the 
circle {BC). 

In the same way it may be shewn that the equation to the circle 
{AAi) is 

{AAi) = h cos B^ + c cos Cy — afiy ^{h + e cos A)ya 

— {c + hcosA)aP = Oi 
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hence, it follows that 

a.{BC) + (^^0 = 2«cos^a'--22ai3y = l.{CA) + {BB^ 

^c.{AB) + {CC,); 

relations whieh prove the first part of the theorem. 

The equations to the radical axes of {SC), (AAi); (CA), 
{BBO; {AB),{CC,)BXe 

—2 cos Aa + cos Bfi + cos Cy = 0, 

cos Aa — 2 cos Bp + cos Cy = 0, 

cos Aa + cos jB/3 — 2 cos (7^ = ; 

whence it follows that they intersect in the polar centre P, 

The second part may be proved by shewing that the circle in 
question is the director of the ellipse which touches the sides of the 
triangle at their middle points. For it has been shewn in (Y.) that 
the director of any inscribed conic is orthogonal to the polar circle. 
The following is, however, a more direct proof. 
I shall first find the centre and radius of the circle represented 
by the general equation 

lacosAa^ + k7,afiy = ; 

k being an indeterminate constant. 

If T, T denote the lengths of the tangents from (a, /S, y) to the 
circles 2tfcos-4a^, and S^/Sy respectively, it may be shewn (see 
Dr. Salmon's " Conic Sections," 4th Edit., p. 125) that 

/y,v2 __ a cos Aa^ 4- h cos B^^ + c cos C-/ 
^ ^ "" 2jK8in^sini^sinC 

^ ^ — 2i2 sin^ sin B sin C* 
Hence the circle Saj cos^a' + ^2a/3y is the locus of a point such 
that — T- = —J— ; and, therefore, (see Townsend's ** Modem 
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Geometry," vol. i. p. 257,) its centre is the point which divides the 
line OP in the ratio 1 : k. 

For instance, if ^ = — 1, the locus will be a circle whose centre 
bisects the segment OP, 

(When h is negative^ the centre in question divides OP in- 
ternally.) 

If ^ = — 2 ; the centre will be the point which divides OP 
internally in the 1:2; i.e. the centroid Q. 

Again, the radius may be found immediately from the formula 
which connects the radii of any three co-axal circles ("Modern 
Geometry," vol. i. p. 255). 

The expression for it will be found to be 



k / 4 

, __ , ,^/ 1 — -Ta (1 + ^) cos A cos i? cos C, jB ; 



R being the radius of the circle {ABC), 

R 

If y& = — 1 ; the radius = -x 



If ^ = — 2; „ = o >/ 1 + cos -4 cos i/ cos C . jB. 

To prove, then, that the circle Stf cos-4tt' — 22a/3y is orthogonal 
to the polar circle 7, a cos Aa\ we have simply to shew that 

4 
P6^= — 4cos^cos5cosC.i2' + ^(I + cos ^ cos JB cos C) . -£*, 

4 
or P6P = g ( I — 8 cos ^ cos J5 cos €) R?, 

which is known to be the case. 



IX. 

The six points common to the three pairs of circles {AA^^ 
(PBC); (B5i), {PCA); (CCi), {PAB) lie on the circumference 
of a circle, whose centre is the point which divides the segment 
OP internally in the ratio 2 ; 3. — (See explanation of the Notation.) 
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The equation to the circle {PBC) must he of the form 
ha{aa + hp + cy) =^ «j3y + Jya + CaP^ 
where ^ = 2 co8-4 : 

hence {PBC) = 2a cosAa^ — afiy — {acosC— c cos A)ya 

— {acosB — h cos A)ap^ 
and ^^1 = J cos jff/3* + <? cos Py'-- afiy — {h + ecosA)ya 

— (<?+ hco8A)ap, 
. • . 2{AAi) 4- {FBC) = 22a cos^o' — S^apy 

= 2{BB,) + {PC A) = 2CCi + {P^B) ; 
equalities which prove the theorem. 

X. 

The circles {AB C7), {A^B^ Ci), and {PG) are co-axal. 
It has heen shewn in (YIII.) that the equation 
24^ cos Ac? — SflfjSy = 0, 

represents a circle whose centre bisects the segment OP, and whose 

radius = -— . 
2 

Now if a = 0, this equation becomes 

JcOS^jS^+^^COsCy^ — «i3y = 0, 

or {hp — cy) {cosBp — cos Cy) = ; 

i.e. the circle represented by it passes through Ai andi>; and, 
similarly, through Bi, E and d, F. 
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Hence, the two triangles Ai Bi Ci and D^F are inscribed in 
a circle whose centre bisects the segment OF, and whose radius 
_F 
"■ 2* 

Whence it follows that the points F and G are the external and 
internal centres of similitude of the circles {AJS'C), {AiBi Ci); 
and, therefore, that the circle -^^hose diameter is the line FG passes 
through their points of intersection. 

The circle {F G) is, in fact, the locus of the points at which the 
circles {A B C\ {A^ Bi Ci) subtend equal angles. 

For if T% T" denote the lengths of the tangents from (o, ft y) to 
these respective circles, we have 






-2^ sin -4 sin ^ sin C7' 



rn,, _ / ^a cos Ac? — 2«i3y 



4 JB sin -4 sin i^ sin (7 ' 

hence, putting -5- = -»-» ^^ equation to the locus of the points 
M It 

Y 

at which the circles in question appear of equal size, will be 

2(2flPC0S^a' — Ser/3y) = — Stf/Sy, 

or 2 S« COB Ac? -^ SflfiSy = 0, 

which is the same as 

{hfi—oy) (cos jB/3— cos Cy) + {cy—oa) (cos Cy— COS^a) 

+ (oa— Jj3) (cos^ii— cos^jS) = : 

i.e. the locus is the circle (P G). 



If the above theorem be applied to the triangle AiBiCi, we 
learn that the nine-point circle of ABC, the circle which bisects 

c 
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the "medianes" AAi, JBJBi, CCi, and the circle whose diameter is 
the line ^ axe co-axal. 



XI. 

On the segments FA, PB, PC — (see Notation) — let three points 

p, q, r be taken such that Ppz=i-. PA ; Pq = -. PB ; Pr = 

n n 

~ . PC\ and on PA^, PBi, PCi three other points p\ </, r', such. 
n 

that Pp' = -. PA^: P/ = ~.PB^', iV = ? . JPC,. 
n n n 

Then 1^ the points p, q, r, p\ ^, / lie on the circumference of 
a circle which has for a diameter any one of the lines ^/, yj^, rr'. 
2°. The centre of this circle coincides with the point M, taken 

on the line PO such that PM = -.PO: and its radius = - .-R. 

n n 




Produce -4 0, PAi, (fig. 6) to meet in x : and join OA^ ; then by 
similar triangles, we have 

xO:xA = AiO:PA = 1 : 2; 

is, therefore, the point of bisection of Ax, and A^ that of Pa?. 



OP THE PLANE TRIANGLE. 19 

Again, since Fp \ FA = Fp' \ Fx (by hypothesis), the line pp' is 
parallel to -4j?, and must, therefore, cut P in the point M such 

that PJf= 1 . PO, and i?ir= i • ^ ^- 
n n 

Similarly, q^ and r/ may be shewn to intersect FOisxM. 
Hence, since -4 = J?0 = CO = ^, the six points p,p', q, 3^, r, / 

will lie on a circle whose centre is Jf and radius - . B. 

n 

Gonseqaences. 

If - = -, we have the nine-point circle. 

12 2 

If - = -, it follows that the circle whose radius = - ^, and 
no o 

whose centre coincides with the centroid of the triangle, cuts the 
segments FA, FF, FC internally in the ratio of 2 : 1 ; and the 
segments FAi, FBi, FCi, produced, in the ratio 4:1. 



I shall now proceed to find the condition that the circle 
{pp'qi'rr^) shall touch the circle inscribed in the triangle ABC. 




Let Jf and /denote the centres of the two circles in question; 
then if they touch we must have 



n — 
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Also — see fig. (7)— 

PG" + FP- or 

2F0.JPI 



= C08 0P/ = 



2PM, PI 



Hence 



PM=zt,P0 
n 

OP =JP-2i?r 

Pr =2r' + p« 

{2f^ + Sp' + 2Pr)=^n.(^-:^ + 2f^ + p'-{-+ry\ 

2r^+Sp^+2Pr 2p« , a , ^To^ 
n nr n 

Supposing, then, that the + sign be taken, we have 

_ + p+^^ 

1**. Let p = ; i.e. let the triangle be right-angled, then - = j.' 

2\ Let p ^ . 0; then 1 = i or 1 + ^. 
< n 2 p 

Hence in omy triangle, the nine-point circle touches internally 
the inscribed circle. 

In the same way, if we sought the condition that the circle {M) 

may touch any one of the escribed circles, we should find - = - ; 

i.e. the nine-point circle touches the inscribed and escribed circles. 
[^^Le th^ordme sur le contact du cercle des neuf points, attribu^ 
quelquefois k Terquem, df autres fois 4 Steiner, est revendiqu^ par 
Steiner lui-meme pour son compatriote Feuerbach." — Nouvelles 
Annales de MathSmatiques, 1863, p. 562.] 
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Again, for the cases of external contact the values of n are given 
hy the quadratic 






1 r . . 

If p = 0, - = - — . , ■ ; i.e. i£ABC be a triangle whose angle A 

— say — is a right angle, the circle which divides the sides AB, AC 

JO 

in the ratio 1 ! 1 + 4—, and the '*mediane" AAi in the ratio 

22? 

1 : — passes through -4, and touches the inscribed circle. 

The condition that the circle {M) shall be orthogonal to the 
polar circle is 



— zr^ — -:;j + ^* 



or » = s/2. 

Hence, if pyq^r denote the points on FA, PB, PC such that 
Fpy Pq, Pr are the sides of three squares, whose diagonals are the 
segments PA, PB, PC respectively, the circle (pqr) will be ortho- 
gonal to the polar circle of the triangle ABC, 



xn. 

Through each angular point of any triangle ABC let a, line be 
drawn parallel to the opposite side ; and let A\ B, C be the ver- 
tices, opposite to A, B, C, of the triangle thus formed. Then the 
nine-point circle of the triangle -45(7 touches the nine-point circle 
of each of the triangles A'BC, BCA, CAB, 

The truth of this theorem may be seen at once by an inspection 
of fig. (8) — where -4 1 — the middle point of BC — ^is the centre of 
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similitude of the two triangles ABC, A'BC\ P, P' the points 
of intersection of their perpendiculars; and m^ tnf the middle 
points of the segments FA, FA'. 




Fiff. 8. 

Consequences. 

The centres of the circles which hisect the sides of the triangles 
A'BCy B^CAy CAB lie on the circumference of a circle whose 
centre coincides with that of the nine-point circle of the triangle 
ABCy and whose radius = R, 



The middle points of the nine segments AAi, JBJBi, CCi^ OA^, 
OBiy OCi, OB, OJS, OjP— (see Notation) — lie on the circumference 

of a circle of radius - B, 
4 

For the circle which hisects the segments AAi^ BB^, CC^ hisects 
at the same time the sides Bi Ci, CiAi, A^Bi. 

Also, — O is the polar centre of the triangle A^Bi Ci ; i.e. it is the 
external centre of similitude of its nine-point and circumscribing 
circles^ whose ratio of similitude is 1 : 2. 
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XIV. 

The common nine-point circle of the four triangles PBC^ PCA^ 
PAB, -45(7 touches the two tangents drawn from any one of the 
four points A, B, C,P to the circle which passes through the other 
three. 

This follows immediately from the fact that the polar centre of 
any triangle is a centre of similitude of the nine-point and circum- 
scribing circles of that triangle ; and also that any one of the four 
points in question is the polar centre of the triangle formed by 
joining the other three. 

XV. 

If a line be drawn from the polar centre, P, parallel to either of 
the radii -40, PO, CO — to AOj say, and if Xi be the point where 
it meets the opposite side B C ; then the nine-point circle touches 
each of the two circles which have for diameters the segments 
Pj?i, Od?i. 

The reader may prove this for himself, by shewing that Xi is the 
point where the inscribed conic, whose foci are P and O, meets 
the side PC: for the nine-point circle is easily shewn to be the 
auxiliary circle of the conic in question ; and any circle described 
upon a focal radius vector as diameter touches the auxiliary circle. 

XVI. 

The nine-point circles of the triangles that can be formed from 
Af Py Cy P, Q together with the maximum ellipse that can be in- 
scribed in the triangle ABC, all pass through a common point, viz. 
the centre of the equilateral hyperbola {AB CPG), 

This theorem may be deduced from the following propositions. 

1**. The ellipse in question is the locus of the centres of all the 
conies which circumscribe the quadrangle -4, B, C, G, 

2**. The nine-point circle of any triangle is the locus of the 
centres of equilateral hyperbolas described about that triangle. 
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xvn. 

The feet of the perpendiculars let fall upon the sides of the 
iriangle of reference from the two points whose co-ordinates are 

f , w, f and -, -, -, lie on the circumference of the same circle. 
i V i 

The co-ordinates of the foot of the perpendicular from (f , tf, f) 
upon the side B C are easily found to be 

,-0 g y 

and those of the projection of (-, -, -) upon the same line to be 

. = 0. L_ = t 

1 1 1 1 

- + -cosC - + -cos5 
V S ft 

The equations a = 0, and 
{f+fcos^)i3-(,,+^osC)y} { (l+lcos5^i3-(l+lcosc)y j =0, 
will, then, when taken simultaneously, give us the co-ordinates of 
the projections of (f, ly, f), (-, -, _ j upon the side BC, 

Hence it is readily seen that the feet of the perpendiculars in 
question will lie on a conic whose equation is 

2(,,+fcos4)(i-f icos^y 

-2 j (i;+f cosC)Q 4- icos^)4-(l+ lcos(7)(f+f cos^) ji3y=0, 
or 

2(l-J-a?C0S^-f COs'^)a'— 2(2C0S5C0S C-t-J? + yCOS (7+2COS^)/3y=0, 

(1) 
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where ^ + ^ = ^; 7+4 = ^^ - + 7=«- 

If this equation be written 

Ua^ + V$^ + Wy^+ 2u:py + 2vya + 2u/aP = 0, 

the conditions that it shall represent a circle are (see Mr. Ferrers' 
"Trilinear Co-ordinates," p. 85) 

wh^ +v(P'-' 2u'lc = fu^ -^ iva^ — 2v'ca = va^ + uV — 2ti/db. 

I^ow in the case before us 

wV-^- v^-2v!hc = (1+8 cos C+ cos 'C) 5'+(l + y cos ^+ cos ^By 
4-(20osj9cos C'\-x + ycos (7 + 8Cosj9)5tf 



= «. + j«+^+aJ.(l + | + i) 



Or the curve is a circle. 
If (1) be multiplied by sin -<4 sin J? sin C, fiyf, it becomes 

(sin Aa -h sin BQ + sin Cy) 2f (ly + f cos -4) (i? cos-4 + i) sin J9 sin Ca 
=(sin-4f + sin-Siy + sin Cf) (sin-4i7f+ sin-ifg + sin C^ Ssin-^jSy. 

(2) 

If the circle in question be called the pedal circle of (f , 17, f), it 
will be seen that the nine-point circle, for instance, is the pedal of 
either (cos -4, cosj9, cos C) or (sec -4, sec j9, sec C); and th^t the 
inscribed circle is the pedal of (1, 1, 1), and so on.' 

The circle before us may also be looked upon as the auxiliary 
circle of the conic which touches a, /3, y, and has the pomts ({,17,0 ; 



G'H) 



for foci. 
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The equation of this conic may be shewn to be 



>/{ iv' + 2,;f COS^ + Oa + >/»7 (f^ + 2f{ COS B + ^/^ 



+ >/f («' + 2ft cos C7 + ,,«)y = 0. 




riff. 9. 



Let F, F' denote the points ({, i,, f), f 1, \ i ), (see fig. 9) ; 

/ the projection of F upon the side BC. Produce Ff \^ Fi such 
that FF^ = 2iy, and join F^ to the other focus F' ; then the in- 
scribed conic in question will touch BC si its point of intersection 
with FiF\ 

Now the co-ordinates of jP,/are f, ly, f, and 
0, ly + f C08(7, f +f cos^. 

.'. Those of Fi are given by the equations 
^1 + ^ = 0, 

fi + f = 2(f+{cos^); 
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which are equivalent to 

iji = iy + 2{cos(7, 

Hence the co-ordinates of the point where F^F' meets BC will 
be found to be 0, 7j{C^ + 2 ff cos ^ + ^^)p = f ({^ + 2$fi cos C+ ri^)y ; 
and, therefore, the required equation is 



2>/«'?' + 2,,f cos ^ + f«) . a = 0. (3) 

Either (1) or (2) represents, then, the auxiliary circle of the conic 
given by (3). 

If Y = ~Y = -J— ; we have the equations, from (3), of the four 

circles which touch the sides. 

If ^ = ^ ^ = ^ , it follows that the circle which bisects 
C08-4 cos-ff cos C 

the sides is the auxiliary circle of the conic 



a»ycoBAa+ h»ycosBp + c»ycos Cy = 0. 

The equation to the radical axis of the circumscribed circle and 
of the pedal of (f , ly, f ) is seen from (2) to be 

2 i{v + f cos A) (17 cos -4 + f) sin 5 sin Ca = 0. 

If this passes through the fixed point (fi, 171, fi) the locus of 
(f , rjy f) will be the cubic 

2 . A (,, + f cos^) (lyCOS^ + C)i = 0. 
a 

If it touches the circumscribed circle we must have 



2>/f (j? + f cos^) (j; cos^ + f) = ; 
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or, the locus of a point (f , 17, f) such that its pedal circle touches 
the circumscribing circle of the triangle of reference, is a curve of 
the sixth order touching the sides at the vertices, and also at the 
points where they are met by the radii A 0, -ff O, CO, produced if 
necessary. 

If the common chord in question passes through one of the foci, 
the locus of the other will be 

l,hc{j\ + f cos^) (17 cos -4 + f) = 0, 

or ^(i;'+(«)cOSu4 + i;f(l + C08 2^)} 

+ oa{{C^ {2)cos-B + «(1 + cos^^)} 
+ al{{J^ + if) cos C+ fi; (1 + cos' (7) = 0, 
which is equivalent to 

«'{'+ 5S'+ ^^"4- *^(1 + COs'^)i;f + ca{\ + C08'5)ff 

+ «5(l + cos«C'){i; = 0, 
i.e. to 

(«{ + ^ + cCf = Jcsin^ (sin^ lyf + sinJ^f^ + sin C^\ 

The locus is, therefore, an imaginary circle concentric with the 
circumscribed circle. I say imaginary^ for its radius may be shewn 
to be 1^ — 3 . J2 ; H being the radius of the circle {ABC), 

Again, if 2 sin -4 17^= 0; i.e. {$, »;, f) lie on the circumscribed 
circle, equation (2) breaks up into the two factors 

2 sin -4a, and 2f ()? + f cos-4) (i; cos -4 + f) -. 

The latter expression, then, when equated to zero, represents in 
this case the line passing through the feet of the perpendiculars let 
fall from ({, rj, upon the sides a, /3, y. 

(For the equation of the envelope of this line subject to the above 
condition, viz. 2sin-4);f = 0, the reader may consult a paper by 
Mr. Greer, published in the " Quarterly Journal of Pure and 
Applied Mathematics,'* t. vii. p. 70.) 
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xvin. 

The pedal of (f, 17, f), the circumscribed circle S^jSy, and the 
director of the inscribed conic 



V^ cos -4 

For the equation to the first circle is 

2(1+0? cos -4+cos^^)a' — 2(2 cos 5 cos C+x+ycoB (7+2CosJ9)/3y 

= 0; 

where | + U .; | + | = ,; f + | = - 

ITow let 1 + a? cos -4+ cos '-4 =1 6 . L cos -4, 
1 + y cos j9+ cos'^ = 6 . Jfcos^, 
1 + zcobC + coB^C = 6 . iVcos C. 
1 



Then azzzOL — cob A — 



cos-4' 



yz=z6M—coBB -, 2 = diV— cos(7- 



cos -ff' cos G ' 

and the equation to the pedal becomes 

2dZco8^o' — 2|d(Z + Jlfcos (7+iVcos^) — (cos-4 + sec-4 

, COsJg cos (7 ^ I o — ft 

or ^ . 2 Z co&^^a* — Bi{L + McoB O + iVcos B)Py 

+ tan -4 tan J9 tan C2sin-4i3y = 0; 

cos j5 . cos C 



since cos -4 + sec -4 + 



cos C7 cos-ff 



J , 1 sin'-4— 2cos-4co8j9cos C 

= cos ^ ^ 7 H :fr 7= 

cos^ COS ^ cos C/ 
__ sin'^ 8in*-4 
cos A cos ^ cos C 

= tan -4 tan ^ tan (7 sin A. 
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Hence, as sL cos A^ — 2(Z + Jlf cos C + iVcos B)^y = 
represents the director of the conic 2 s/ Lay we have the theorem 
in question. 

As a particular case of this, I may mention the following :— 

The circle which hisects the sides, the director of the maximum 
inscribed ellipse, and the circumscribed circle are co-axal. 



XIX. 

The pedal circles of (f , 17, f), (f , 1;', f ), and the director of the 
inscribed conic 



ri C 



1 c 



«r.« = o, 



are co-axal. 



For if X = 0, X' = be the equations of the pedals in question, 
X= 2(1 + d?cos-4 + cos'^)o' 

•— 2(2 cos j9cos (7+ a? + y cos C+ 2 cos j9)j3y 

X'=2(l+a?'cos^+cos'-4y— 2(2cos^cos(7+a?'+y'cosC+2'cos^)/3y, 

where ^ + £ = ^y 1 + ^ = «/, &c. ; 

.-. X-X' = 2 (a? — a?') cos^a^ 

— 2{(a? - a^) + (y — y') cos C + (a— a') cos £}py. 

Now the right-hand side of this equation, when equated to zero, 
represents the locus of the point of intersection of rectangular 
tangents to the conic 



>/(a:-d/)a+ >/(y-y')i8+ ^{z^^)y = 0. 
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Hence, since 



or 



^ rtC-ii vC-v'C 
CC It' ' 



nice 



y - y- = &c., 
ve have the theorem enunciated above. 



It is easily seen that the conic 
7 f 



x/ 



rf C 



C i 



«f.a 



touches each of the four lines whose equations are 



2. 



S. 



V C 

C v' 



a = 0; s 



5'o = 0; 2, 



V 


C 


C 


V 


V 


{ 


v' 


C 



{a= 



fra = 0: 



i.e. that it touches the lines joining each of the points 

(«,„f),Q.i.i)to(f.,'.a(i.J4). 

Hence we have the following proposition. 

If PfP' denote the pair of inverse points (f, iy, f), (-,-,-); 

and q, ^ the pair (^,17', 0> (i;> -> p) 5 ^^^^ ^^ seven lines 
«> p9 y> P^i Pii P'^y P'2' ^® tangents to the sasxva e,ai5Mi.. 
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Consequences. 

1. lip, for instance, be its own inverse, i.e. if it be the centre 
of any one of the four circles which touch the sides, then the 
tangents ^^, p'q (see fig. 10). will coincide, 

A/ __ 




Tiff. 10. 

or, what is the same thing, two coincident tangents intersect at q ; 
i.e. the curve will pass through q, and sifflHarly through q\ 

Hence, conversely, the four conies which touch the sides o, ft y, 
and pass through any pair of inverse points, will have for tangents 
at each of these points the four lines joining it with the centres 
of the inscribed and escribed circles. 

2. If ^ lie on the line jpj/, the seven*tangent conic in question 
will touch this line at q. 

For example; Let G'—{a, h, e^)— denote the inverse of the cen- 

troid 6^— (-, ^, -J— and p^j/ coincide with the points 0,P 

(cos -4, cosJ9, cos €)f (sec -4, sec^, sec C); then the lines o, j8, y, 
OG, 0G\ PG* are tangents to a conic which passes through G. 

The equation to this conic is 



2 . cos -4 sin {B — C) ^/miAa = 0. 

We see, theo, that the theorem enunciated at the beginning of 
the section may be stated as follows : 

The pedals of jp or^, and oi q or q' \ the director of the conic 
which touches the seven lines a, jS, y, pq^ p^^ p'q^ p'q\ form three 
co-axal circles. 

From this we may deduce the following propositions. 

1**. The directors of the four conies which have for tangents the 
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sides a, jS, y, and pass through the points 0,P— (cos-4, cosJ5, cos C\ 
(sec -4, sec j9, sec (7)— touch respectively the nine-point circle at 
its points of contact with the inscribed and escribed circles. 
This theorem is obtained at once by putting 



i _ 
cos A 



^^ L.. ^-JL-X 

cos^^cosC* 1 +l""+l* 



2**. The following circles are co-axal. 

The nine-point circle. — The pedal of the centroid G (i.e. the 
circle which trisects the distance between the middle point of 
each of the sides and the foot of the corresponding perpendicular). 
— The director of the conic which touches a, /3, y and the line PO 
at Q. 

3°. The nine-point circle. — The circle which bisects the segments 
between the middle points of the sides and the feet of the corre- 
sponding perpendiculars. — The director of the conic which touches 
the sides, and the segment PO at its middle point. 

4**. If jp be any point on the line FO, then the nine-point circle 
is the locus of the two points common to the pedal circle oip, and 
to the director of the inscribed conic which touches the line PO at 
the point in question. 

This will be also true, if we substitute any pair of inverse points 
q, (f for P and O, and the pedal of j, or ^ for the nine-point circle. 

5°. Again, if ^, q both lie on the circumscribed circle, their 
inverses will be on the line at infinity ; so that the seven-tangent 
conic becomes a parabola, and the pedal circles become right lines 
as we may see from equation (2) of Sect. XYII. 

Hence, if ;?, g' be any two points on the circle {ABC), the point 
of intersection of their pedal lines will lie on the directrix of the 
parabola which touches a, /3, y, j^y; i.e. on the line which joins 
the polar centres of the triangles formed by these four tangents. 

This may be otherwise stated as follows : — 

Let Q denote any fixed parabola touching a, j3, y, and let pq be 
any other tangent to it, cutting the circle {ABC) injp and q] then 
the locus of the point of intersection of the pedal lines of ^ and q is 
the directrix of the parabola Q. 
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If JO, q be the extremitieB of any chord of the circle {ABC) 
parallel to one of the sides of the triangle — to a — say, the locus of 
the point common to their pedal lines is the perpendicular AD 
drawn from A upon a, 

(If jp, q be the extremities of any diameter of the circle {ABC), 
it is known that their pedal lines intersect at right angles on the 
nine-point circle. 

This elegant theorem was first given by Mr. Tucker in the 
*' Educational Times," vol. iii. p. 58.) 

6°. Hence, also, if 8 denote the circle circumscribing the triangle 
— 5'— formed by any three out of four given right lines, it follows 
that the pedals (with respect to the sides of T) of the two points, 
where S is met by the fourth line, will intersect on the right 
line joining the polar centres of the four triangles of the given 
quadrilateral, 

7^. If / denote the centre of any one of the four circles which 
touch the sides, then the common pedal of any two inverse points 
p, y, the circle (/), and the director of the conic which touches the 
five lines a, /3, y, J^, Ip' are co-axal. 

As the result contained in theorem P. is important, I will give 
a direct proof of it. 

If we take the conic »Jla + s/m^ + s/w^ = 0, the equation of 
its director is 

/cos^a^+wcos^i3^+»cos C-f — {I + mcoB C + nGOBB)Py 

— (w + » cos ^ + I COB C)ya 

— (» + IcoQ B + m coBA)aP = 0; 

which may be put under the form 

{I sinj^sin C+ m sin C7sin^ + n smA smB) (sin^/3y + sin^'ya+ sin Ca^) 
=:2BmAa,2lsmBem CcosAa, 

Also the equation of the nine-point circle is 

2(sin^/3y + BiaBya + sin CaP) = S sin^a . Scos^a; 



OF THE PLANE TRIANGLE, 35 

hence that of their common chord is 

2/sin^sin C . Scos^a = 22 . Zsin^sin Ccos^a, 

or (— ifsin^sin C4- wsin C^vaA + w sin ^ sin -5) cos ^a 
+ (Zsin-5sin C7— »*sin C7sin^ + »sin^sin-S)cos^/3 
+ (Zsin C7sin^ + iwsin C'sin^ — w sin ^ sin -5) cos Cy = 0. 

Now it is easily seen that for one of the four conies which pass 
through P, and touch the lines a, jS, y, the ratios l\m\n must 

(cos^— cos(7)*cos^ : (cos^— cos^)*cos^ : (cos^— cosP)*cos(7. 

Hence the equation of the radical axis of the director of this 
conic and the niae-point circle is 

2 { — sin^ sin Ccos^ (cos-S — cos C )^+ sin C sin^ cos^ (cos C— cos^ )^ 

+ sin^sin-ffcos C(cos^ — cosP)'}cos-4a= 0, 
which will be found to reduce to 

since the co-efficient within the bracket is equivalent to 
^— ^-^~-^ {a — b)(a — e) cos -S cos C ; 

where It ^ radius of circumscribing circle. 

Hence, as the equation just found is known to represent the 
common tangent of the inscribed and nine-point circles, the theorem 
is proved. 

It may also be shewn in the same way that the directors of the 
three conies 



V^Ccos B — cosC y cos Aa + /^/(cos C + cos Af cosB .p 

+ i|/(co8 A + cos JSy cos C , y = 0, 



V^Ccos B + cos C y cos Aa + >/(co8 C — cos Ay cosB. p 

+ ^{qos a + cos By cos 67 . y = 0, 



V(co8 B + cosC y cos Aa + />/(cos C + cos Ay cobB,^ 

+ v^(cos A — <iQ% BY ^<^'«» ^ . ->i ^=- ^^ 
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touch the nine-point circle at its points of contact with the escrihed 
circles, respectively. 

(The equations of the four conies which touch a, /3, y, and pass 
through P and 0, may he easily obtained by using tangential 
co-ordinates. 

They are 

(Xcos^-f ftcos-5-f vcos C7)(Xsec^ -f ft sec -5 -f v sec C) 
= (X + M + ,.)», 

or (cos -S — cos C )' cos Afip+ (cos C ~ cos Af cos B p\ 

+ {ooaA — cos j5)' cos C\fi = 0, 

(cos j5 — cos C )' cos Afip+ (cos C + cos Af cos £ p\ 

+ {gob A + cos -S)^ cos C\fi = ; 
&c. 
which are equivalent to the trilinear ones given above.) 

XX. 

If (/) denote the inscribed circle, (JSa) the circle which touches 
JSCy say, and the two other sides produced, (f, »y, rj) any point on 
the line of centres of the two circles, then (/), {JEJ^), and the pedal 
®^ (f > Vf v) ar® co-axal. 

For the equation of the pedal of (f , 17, f ) is 

X= S(l -f cos*^)a' — 2 2cos^cosC'i3y 

+ X cos Ac? -f y cos Bfi^ + 2 cos Cy^ 

— (« + y cos C + 2 C0S-S)i3y 

— {y-\-%GOBA'\-x cos C)ya 

— (2 -1- a? cos -S -f y cos ^)a^, 

where j? = 1 + ^ . y = | + 1; 2 = i + 1. 
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If, then, f = i; we have a? = 2, y = 2 ; and 

X=S(1 + cos*^)a^ — s2cosj5cosC/37 

+ 2 cos Ai? + y (cos ^/3' + cos C^^) 

— (2 + y cos C7 + y cosB)Py 

— (y + y cos -4 + 2 cos C)ya 

— (y + 2 cos -5 + y cos A)ap, 
Also, 

(7) = 2(1 + cos '^)a^ — 2 2 cos j5 cos Cpy 

+ 2 (cos Aa^ + cos ^i3» + cos C-/) 
-2(1 + cosC7+cosJ?)i3y 

— 2 (1 + COS^ + cos C)ya 

— 2 (1 + COS^ + C08^)ai3. 
(Ha) = 2 (1 + COS ^A)a^ — 2 2 COS J? COS (7/3y 

+ 2 (cOS^a^ - COS J?/3^ - COS Cy^) 

— 2 (1 — COS C — cos^)/37 

— 2 (— 1 — COS^ + cos (7)ya 

— 2 (— 1 + cos-5 — cos^)a3; 

.-. X — (7) = (y - 2) {cos J?/3^ + cos Cy^ - (cosJ? + cos C)py 

— (1 + C0S-4)ya — (1 + C03A)aff}, 

and 

(/)-(-E'„)=4{cos^j8»+cosCV2-(cos^+cosC')i3y-(l + co8^) 

.•.4{X-(/)} = (y-2){(/)-^,)}. 

or 4X=(y+2)(7)-(y-2)(^„), 

which proves the theorem. 
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Hence, if Ii be the point where the internal bisector AI cuts 
the side BC^ the circles (/), {JE^, and the circle described upon 
the segment AIi as diameter are co-axal. 



XXI. 

To find the condition that the pedal of (f , 17, f) shall touch the 
inscribed circle (/). 

The equation of the pedal in question being (see Equation (2), 

Sect, xvn.) 

X= Ssiuu^a .2^(17 + fcos^) (17 cos -4 + f) sin J? sin Ca 
— 2 sin ^ f . 2 sin -4 lyf . 2 sin -4/3y, 
we have 

( ^ I ] 

\ 2sin-4f .2 8in^i7f (sin -4 + sin J? + sin C)^ ) 

_^" A f 2 {(17 + f cos ^) (17008^ + f) sin J? sin (7a 
— 2 sin M-Ci • < . — j ' - ' — z — ^ 

( 2sm-4f . 2 8m-4j7f 

_ 2 (1 + cos Ay sin -5 sin Ca \ 
(sin^4.sinj&+sinC)2 ] ' 

hence the radical axis of X and J is given by the equation 

(sin^ -f sin-5 + sin Cy 2^(17 + fcos^) (17 cos^ + f) sin -S sin Ca 
— 2sin^f . 2sin^i7f . 2(1 + cos ^)* sin -S sin Ca = 0: 

and the condition that this line shall touch 7 is 

(1 + cos -4) sin -4 
(8in^+sinJ9+sin(7)'f(i7+fcos^)(j7COS^+i')— (lH-cos^)'2sin^f.28ui^i7f 

(l + cos.J?)sin^ 

"*■ (sin^+sin^+sinC?)^ i7(f +{co8j&)(fcos^ +{ )- (1 +cos^)' 2sin^f . 28in^i7f 

(l + coB(7)8inC7 

"'■(8in^+sin^+sinC7((f+j7CosC^(fco8(7+j7)~(l+cosC)228in^f.28in^j7i' 
= 0: 



OF THE PLANE TRIANGLE. 39 

or the locus of the foci of an inscrihed conic such that its auxiliary 
circle touches the inscribed circle is the curve of the sixth order 
given by the equation 

tan — 

ssin^g . ssin^ijf- - — — . g(i,+f co8u4)(i7C08.4+f) 

^tan.+tan-) 

tan — 

+ r-2 

ssin^f . Ssinu^iyf — ^^ ^ . J7(f+f cosjS) (fcosj5+f ) 



(tan|+tan^) 



, C 

tan — 

2 



' . 4 
Ssin^f . ssin^iyf— - — ^ Wa • f(f +7^08 C) (fees C+»?) 

(tan^+tau-j 
= 0: 

which, if 

(tan-+tan_] 



(tan- + tan_) 



-; 



(tan- + tan-) 



may be put under the form 2 tan — VW = 0. 
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xxn. 

The circumscribing circle (^-6(7), the nine-point circle {AiBiCf), 
and the polar circle are co-axal. 

This may be proved by simply writing down the equations of 
these respective circles, viz., 

aPy + hya + eafi = 

(cos^a + cos^iS + cos Cy) (aa+hp + cy) — 2{afiy +hya+eaP) = 

{C08 Aa + COS^/3 4- COS Cy) {oa+hp + Cy) — {aPy + 5ya + Ca$) = 0. 

If tif ^2, ^8 denote the points where the tangents to the circle 
{ABC) at the vertices A,B, C cut the opposite sides BC, CA, AB 
respectively, the radical axis s cos Aa = 0, passes through the 
middle points of the segments Ati, Bt^, Ct^. 

For the co-ordinates of the middle point of Ati, for instance, are 

. ^ . ^ sin^Bsm C sin^CsinB 

sin ^ sin C/, , ; 

' sin (^-67)' sin(67-jB)' 

and the condition that it shall lie on the line 2 cos Aa^ is 

cos -4 + cos (j5 + C7) = 0, an identity. 

The radical axis in question is also, evidently, the axis of per. 
spective of the triangles ABC, BJSF, 

Consequences. 

1°. K P — as before— denote the polar centre ; and if 0, the centre 
of the circumscribed circle, be joined to each of the points of 
bisection of the sides, Ai, Bi, Cj, and OAi, OBi, OCi, be produced 
to Oi, O3, Os, so that OOi = 20Ai; 00^ = 2 OJ?i ; 00^ ^^OC^, 
it follows that the nine-point circle passes through the two points 
common to the polar and circumscribing circles of each of the 
triangles, PBC, FCA, FAB, ABC, 00^0^, 00^0^, 00^0^, 

2°. If the point of intersection of any two lines xi/, aft/' be denoted 
by {xi/, xy), the nine-point circle (AiBi Cy) passes through the 
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intersections of the nine-point and circumscribing circles of the tri- 
angle whose vertices are {B^C^, EF\ {C^A^, FB\ and {A^B^, BJE). 
(See explanation of the Notation). 

This theorem will be proved if we can shew that the triangle in 
question is self-conjugate with respect to the circle {Ai Bi Ci), 
which may be done as follows : 

The equations of the sides of the common self-conjugate triangle 
of two conies can be found at once by forming the Jacobian of these 
conies and the co-variant F. (See Dr. Salmon's " Conic Sections," 
4th edit., p. 344, Ex. 2.) 

Supposing, then, that we take the conies 

iSf = 2Pa^ — 2 2wn/3y, 

iSf'=2ra^-2 2w'n'/3y, 

F = 2i^/V — 2(iwn' + W'»)i3y, 
their Jacobian is easily found to be 

l(— la + mp + ny), m(la — mfi + ny), n{la<\-mp — ny) 
j_ r{--ra+m'P'{-n'y), mXl'a—m'p+ny\ n\l'a+m'p-n'y) 

dF dF 

d^ ' dy 



dF 



now this determinant vanishes when r— la + mfi + ny =: 0, and 
— Va + m'p -f n'y = 0, simultaneously, for then it reduces to 



0, 2 mnyy 2 mn^ 

0, 2wV7, 2w'n'3 

dF dF dF 

da d^ dy 



, which is, obviously, = 0. 



Hence, as we know that the Jacobian in question breaks up into 
three right lines, they must be those which join the three points 
given by the following pairs of equations : 
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— la + mfi + ny = 0) la — mp + ny = 

— ra+m'fi+ny = ) ' Ta— w'iS+Wy = 

la + tnp — ny = 
ra+m'p'-n'y = 

i.e. if X, y, 2, 01/ , y', sf be the points where S, 8' touch the respec- 
tive sides of the triangle of reference, the common self-conjugate 
triangle of /S, S% and F is that whose vertices are the points 



If 



/ 



n 
sin C* 



sin-4 sinjB sinC cos^ cos-S cos C" 
we have the theorem which was required to be proved. 



YYTH 




FifiT. 11. 



If 2>', -E^, F' denote the vertices of the triangle formed by the 
tangents at A^ B, C to the circle {ABC) — see fig. (11) — the 
circles {ABC), {JDFF), {Bfl^F') are co-axal. 
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For the co-ordinates of the points Hfyl^^F' are readily found 
to be 

— sin^, sin^, sin C, 

sin A^ — sin ^, sin (7, 

sin -4, sin^, — sin C\ 

which lie on the circle whose equation is 

(sin^a+sinJ?)3+sin Cy) (cos^a+cos J?^+cos Cy) 

+ 4 cos ^ cos B cos C (sin -4i3y + sin j5ya+ sin Ca!^^ = 0. 

Consequences. 

If ai, /3i, yi denote the points where the sides BCy CA, AJB are 
met by any one of the four circles which touch them — see fig. (12) — 




Fiff. 18. 
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it follows that the circle ABC passes through the two points com- 
mon to the circumscribing and nine-point circle of the triangle 

These points may be shewn to be the foci of the two parabolas 
which can be drawn through A, B^ C, and the centre of perspective 
of the triangles ABC, ai)9iyi. 

For if oiiSiyi be taken as the triangle of reference, and if Oi, Ji, Ci 
be the lengths of the sides, the co-ordinates of A, B, C and of the 
centre of perspective in question are — a^ hi, ei; «i, — ^i, Ci ; 
«i» hf — ^1 9 ^ij ^i> ^i» ^^^9 therefore, the two parabolas which cir- 
cumscribe them will be represented by 

W + w/3' -f V = 0, 

where ^? + ^L + ^ = 0, 

I m n 

and ay + ^Im + cj» = 0. 

Again, if/, y, h be the co-ordinates of the focus of either of these 
curves, we have 

I m n 



— «i/ + hff + Oih a^f— 3i^ -t- c^h aj+ hg — c^h ' 
— (see Mr. Ferrers' "Trilinear Co-ordinates," p. 116) — 
or the foci are the points of intersection of the line 
(^K—^if+^iSf+^^i^) + ^iM—hg+cJi) + ci{aj+h^g-cji) = 0, 
with the conic 

a\ , h\ _^ ^ 



~ <»i/+ hig+Cih aj— big + e^h aJJ^ hg — c^h 

i.e. of the line 

cos Axa + cos BiP + cos dy = 0, 



= 0; 
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with the nine-point circle 

S^i cos A^a^ — 2aiPy = 0, 

which proves the proposition. 

Again, since the circle {ABC\ represented by the equation 

2 sin A^a . 2 cos Aia + 4 COB Ai cos B^ cos C^ 2 sin Ai^ = 0, 

passes through the two points in question, we have the following 
theorem. ^ 

Letoi, iSi, yi ^6 the points where the sides of a given triangle 
ABCf are met by one of the four circles which touch its sides; also 
let hi be the point of intersection of the lines Aai, B^i, Cyi ; then 
the foci of the parabolas which pass through Ay B, C, hi will lie 
on the circle {ABC); being, in fact, the two points where this 
circle is intersected by the circle {aifiiyi). See Fig. 13, (p.* 46.) 

Hence, if 2>, JEJ, F, as before, denote the feet of the perpendicu- 
lars of any triangle ABC; ai, i3i,yi the projections of one of the 
vertices A^ B, C upon the sides JEJF, FB, BF\ hi the centre of 
perspective of the triangles oiiSiyi, BEF\ then the foci of the two 
parabolas which pass through 2>, E^ F and hi will lie on the nine- 
point circle of the triangle ABC* 

XXIV. 

It may be observed that the triangles BEFy BfE'F' are similar 
and in perspective — see fig. 11 . 
For, if we take the side E'F\ for instance, its equation is 

-^ + "^ = 0, 
sinj&^sinC ' 

or, what is the same thing, 

cos^(8in^a+siiLffi3+sinCV)-f sin-4(— cos^a-i-cosi?i3-f cosCy)= ; 

i.e. E'F' and EFzx^ parallel. 

Hence, if d^e^f denote the feet of the perpendiculars, o.^ -^^ 
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FifiT. 18. 
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triangle aifiiyy — see fig. 12 — the line ef,fd, de will be parallel to 
the sides of the triangle ABC. 

Again, since the lines Diy^ FJE\ FF' are represented by the 
equations 

cos A sin (j5— (7 )a — sin A (cos B^ — cos Cy) = 0, 

cosJ?sin((7— ^)i3 — sinj5(cos (7y — cos^a) = 0, 

cos (7sin(^— j&)y — sin (7 (cos ^a — cos jSjS) = 0; 

each of which is satisfied by the values 

cos A cos B cos C 



« = -:-nr^-/3 = 



sin«^ •""" sin*^ •'^" sin^C' ' '' 
it follows that the two triangles are in perspective. 

If ^1 denote the centre of perspective in question, it may be 
shewn that the circle which has for a diameter the line joining ^i 
to the centre of the circle (ABC) passes through the intersections 
of the circles {BFF), {B^E'Fy 

Now the equation 2 sin Aa . 2 cos -4a = ^ S sin A^ will repre- 
sent a circle passing through O (cos -4, cos -5, cos C) provided that 

h = 2(1 — 2 cos -4 cos J? cos C); 

but this is also the condition that the same circle shall pass through 

f mi^A sin^^ sin^C N . 
\ cos ^ ' cos -ff ' cos C / 

for if these co-ordinates be substituted in the equation before us, 
we have 

sin'ui 



, _ cos -4 



. ssin^A 



/ sin -4 sin ^B sin ^C"^ 



sin^(7 \ 
C ) 



\ cos B cos I 

S sin ^A cos ^ cos C 2 sin ^A 
sin ^ sin J? sin C , 2sin^sin (7cq& A' 
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or since 
Zsm^AcosBcosC^z^smAcoBJBcosC—coBAcosJBcoQCldnAcosA, 

= sin -4 sin J9 sin C7(l— 2 cos -4 cos J? cos C); 
and 2sin'-4 = 2ssin^sin Ccos^, 

k = 2(1— 2 cos ^ cos ^ cos C). 

Hence, as each of the points 

\cos A cos B cobC / 
lie on the line of centres of the system of circles represented by 

2 sin ^a. 2 cos ^a = ^2sin^/3y, 
the theorem is proved. 

It may be also shewn that the director of the conic with respect 
to which the triangle ABC is self-conjugate, and BfE'F' is the 
polar triangle of BEFy will pass through the intersections of 
the circles {I)EF\ {BfE*F'\ 

For the equation to the conic in question is easily found to be 
cot^a^ + cot J5i3^ + cot Cy2 = 0; 
and that of its director to be 

2aco8^a*+ 2 cos -4 cos -5 cos (7. S^iSy = 0, 
or 2 sin -4a. 2 cos -4a = (1— 2cos-4cos^cos C) 2sin-4/3y, 
whence the truth of the theorem is at once seen. 

It may be observed that this director is orthogonal to the circle 
{ABC), and that its centre coincides with the centre of perspective 
of ihe triangles BEFy B(E'F\ 
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XXV. 

The polar circles of the four Mangles formed by the lines BC^ 
CAy ABy and the axis of homology of the triangles ABC^ BfB'F' 
— see Pig. (11) — all pass through the two points common to the 
circles {ABG\ {BEF\ {B^E'F'). 

If the triangle ABC be taken as the triangle of reference, the 
equations to the four lines in question are 

a = 0, ^ = 0, y = 0, and - + f + 5!^ = ; 
a 



and we have to shew that the equation to the polar circle of the 

triangle formed by /3, y, - + ? + -, for instance, admits of being 
a e 

put under the form 

2« cos Ac? + k2apy = 0. 

Now the polar of the point A with respect to this circle is given 
by the equation 

2a COB Aa + k{cp + by) = 0, 

which will coincide with --l2-lZ = o, if;& = -— cos -4, 
a * h * c he 

Also the equation of the polar offi3 = 0, - + 5!. = oJ is 

a{2a cos Aa + h{cfi + *y)} — o{^o cos Cy + h{ba + e»|3)} = 0, 
or (2a* cos u4 — ^ hc)<i + {dbh — 2(^ cos C )y = 0, 

which coincides with y = 0, if y& = -=— cos -4. 

he 

Hence the polar circle of the triangle formed by the lines ft y, 

and ?. -|- ? -f Zj is represented by the equation 
a e 

2a cos -4a' + ^- cos-4 2a^ =s 0, 
be 
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similarly, those of the other triangles will be given by 

2acoBAa^ H cos^ 2fl/3y = 0, 

ca 

2a cos Aa^ -] — =■ cos C 2a/3y = 0, 
ao 

2a cos Aa^ = 0, 
whence the truth of the theorem is manifest. 

Again, since the polar circle of any triangle circumscribing 
a rectangular hyperbola passes through the centre of the curve, 
it follows that the two points common to the above system are the 
centres of the two rectangular hyperbolas which touch the four 

linesa,i3,y,^ + f + Z. 
a he 

(These points have already been shewn to be the foci of the two 
parabolas which pass through (—a, J, c); {a, — i, c); {a, J, —c); 
{a, by e).). 

Consequences. 

1. If tif ti, ^ be the points where the line ~ + ^ -f - cuts the 

a c 

sides £Cf CA, AB\ the circle which has for a diameter any one 
of the segments Ati, Bt^, Ct^—oi generally — the director of any 

conic touching a, )3, y, - + ^ -f 5^, cuts orthogonally each of the 
a c 

above system of polar circles. 

2. The radical axis of the directors in question coincides with 
the line PO, (see explanation of the Notation), which passes 
through the polar centre of each of the four triangles of the above 
quadrilateral. 

3. The radical axis of the above system of polar circles bisects 
the segments Ati, Bti, Cti, 
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4. The line POis the directrix of the parabola which touches 

^'^'^'^ + 1 + 7- 
a c 



If F denote the point of intersection of the three perpendiculars, 
O the centre of the circumscribing circle ; G the centre of gravity 
of the area of any triangle ABC; D, U, F the feet of the three 
perpendiculars ; -4i, Bi^ Ci the middle points of the sides ; JDfy JE", W 
the vertices of the triangle formed by the tangents at -4, -ff, C to the 
circle {ABC); it will be seen on reference to the preceding sec- 
tions that the following circles are co-axal : viz., 

1°. The circumscribing circle {ABC), 

2\ The circle {A^Bfi,) or {DUF). 

3^. The polar circles of the four triangles of the quadrilateral 

a, 0,7,- + ^ + -. 

4^ The circle {JDfE'F'). 

5^. The circle whose diameter is the line joining to p^ — the 
centre of perspective of the triangles BEF^ BfE'F\ 

6°. The circle described with centre p^ to cut the circle {ABC) 
orthogonally. 

7^. The director of the maximum ellipse that can be inscribed in 
the triangle ABC, 

8°. The circle which passes through the six points of intersection 
of the three pairs of circles {AA^), {PBC); {BB^), {PC A); 
{CC,l {PAB)'^Bee Sect. IX. 

9°. The circle described upon the line PG &b diau\et^it« 
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The equations of these respective circles are, 

2 COS Aa . 2aa — 2 2 a^ = 0, 
2 COS Aa . 2aa — 2a/3y = 0,' 

2 COS^a . 2ao — f 1 — -l^-j f 1 — ^] 2apy = 0, 

2C0S^a . 2ao — fl 2-) (l "■ ■^) ^^^ = ^' 

2C0S^a . 2«a — f 1 2) (^ — -la) ^^^^ = ^». 

2 COS Aa . 2«a + 4 COS -4 COS £ cos C 2aPy = 0, 
2cosu4a . 2aa — 2(1 — 2cos-4cos^cosC)2a^'y = 0, 
2 cos -4a . 2aa — (1 — 2 COS -4 cos^ cos C) 2afiy = 0, 
2 cos -4a . 2aa — 3 2ai3y = 0, 

2 2 cos Aa . 2aa — 5 2a^y = 0, 

2 2 cos -4a . 2aa — 3 2ai3'y = 0. 

The values of k corresponding to the limiting points of the system 
2a cos Aa^ + k2aPy = 0, 
are given by the quadratic 

I^ = 4{1 + h) cos^ cos^ cos C\ (see Sect. VIII.), 
or 



)&=z 2 cos-4 cos ^ cos g + 2 «/cos-4cos-ffcosC(l+cos^cos^cosC). 

Hence, these points will be real, coincident, or imaginary, accord- 
ing as cos-4 cos B cos C is positive, jsero, or negative ; i.e. according 
as the triangle is acute-, right-, or obtuse-angled. 
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XXVI. 

The director of any conic which touches a, /3, 7 and passes through 
0, the centre of the circumscribing circle, has contacts of a similar 
species with this circle and the nine-point circle. 

If the conic i^/a + >/wi3 + >/«y = 0, passes through 0, we have 



v^^cos-4 + >/»»cos-ff + >/»cos C= 0. (1) 

Also the equation of its director is 

sZcos A(^ — 2(Z + w cos C + » cos -ff)^y = ; 
or, if Ba = cos A(^ — Py — cos Cya — cos £aP, 

Sb = cos B$^ — ya — COS Aafi — COS CSy, 
Sc = COS 6y — 0)3 — COS Bfiy — COS Aya, 

it becomes Z/8^« + mS^ + »/^c = 0. (2) 

"We have, then, to find the envelope of (2), when the variables 
I, m, n are subject to the condition (1). 

Differentiating (1) and (2) we have 
"V Z \^ m ^ n 

/cos A y/cos £ y/cos C 

>S„ "" .Si ^ ^c ' 

and the equation to the required envelope is 

cos^ cos^ cos C _ ^ 
— o 1 o 1 Q "> 

Ofl Oft Oc 

or cos^ . ^5^, + cos^ . ^c/Sa \ eo^C , S^^>, — ^^ 
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Kow, if Sa, 8i,y 8c be multiplied by sin A, sdn B, sin C respec- 
tively, they can be put under the form 

sin -4 . Sa = a cos -4 . i — 8, 

BinB . 8i, = /3cos^ .L— 8, 

Bin C . 8c = y cos C , L — 8; 
where L = sin Aa + sin J5^ + sin Cy, 

8 = sin -4/3y + sin £ya + sin Ca/3 ; 

hence the above equation becomes 

2 sin^ cos-4 {cos j5 cos Cfiy . Z' — (/3 cos^ + y cos C) . 8Z+ ^'}=0, 

or cos A cos Bcos C , 8L^—2 sin A cos A (^ cos j5 + y cos C) . /8^Z 
+ 2 sin -4 cos -4 . <S* = 0, 

which breaks up into the two factors 8, and 

28 -- {cos Aa + cosBp + cos Cy)L; 

hence the theorem in question. 

Again, since the director of any conic touching a, fi, y cuts 
orthogonally the polar circle — see Sect. V. — it follows from the 
converse of a known theorem — (** Every circle having contacts 
of similar species with two others intersects at right angles the 
co-axal circle whose centre is their external centre of perspective." 
— *' Modem Geometry," vol. i. p. 290) — that the contacts are of 
similar species. 

Hence the lines joining the points of contacts all pass through 
the polar centre P, which is the external centre of similitude of 
the nine-point and circumscribing circles. 

Consequences. 

1**. The nine-point circle is touched by the director of any conic 
which bisects the segment PO and touches the sides of either of 
the triangles AiB^C^y LEF. — (See explanation of the Notation.) 

Also since the triangles PBC, PC A, PAB, 00^ 0^^ 00^0^, 
OO^Oiy OiOaOs (see Sect. XXII.) have their sides bisected by one 
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and the same circle, it follows that this must touch an indefinite 
number of directors. 

2^. The directors of the four conies which pass through P, 
and touch the sides a, fi, y, have contacts of similar species with 
the nine-point and circumscribing circles. 

(It has been already shewn that these directors touch the nine- 
point circle at its points of contact with the inscribed and escribed 
circles.) 

3°. If the inscribed circle passes through the centre of the cir- 
cumscribing circle, the director of the former will touch both the 
latter and the nine-point circle. 

This may be easily proved from other considerations, as follows : 
If d = distance between the centres of the circumscribed and in- 
scribed circles, then we know that d^ = iP— 22?r; hence since 
d is by hypothesis = r, we hare 

IP - 2Rr = r" 
{R - r)' = 2r», 
or b=.r = R — r >/2. 

Again, if ^^ = distance between the inscribed and nine-point 

circles ^* = -^ ^i 

or since R — r ^=. r ^J '1 

4**. If Ox^ 5i, <?i be the points where the radii A 0, BO^ CO — ^pro- 
duced, if necessary, — cut the opposite sides BC, CA^AB; the 
circles whose diameters are the segments Aai, Bh^, Cc^ will each 
touch the nine-point circle, the points of contact being the feet of 
the three perpendiculars. 

This may be otherwise proved, as follows : — 

The tangential equation of the circle {Aa^ is easily found to be 

X' -h ij? +1/' — 2^vcos^ — 2v\G0%B — 2Xficos C 

= {Xcos(^— C) -f fico^ J5 Je»^^0\\ 
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and, therefore, one of the centres of sunilitnde of this circle and the 
nine-point circle 

^^ + f*^ + »^ — ^fii' cos -4 — 2 vX cos ^ — 2Xfi cos C 

= {Xcos(5-C7) + ficos(C-^) + vcos(^-^)P, 

is given by the equation 



+ .-::^=0; 



COS^ COS C 

which represents the foot of the perpendicular from A upon the 
side BC—. 

Hence the two circles in question will touch each other at this 
point. 

If Wi, m^j Ws denote the middle points of the segments Aon Bhi, 
Ccif and N the centre of the nine-point circle, it follows from the 
above that 

Onii z=zR~-- Aoi — for the circle {Aa^ obviously touches the 
circle (ABC) 

or Om^ + Nmi = — = Orn^ + JVkg = Orn^ -t- Nm^. 
^ — — ^ 

The -h or — sign being taken, according as the triangle is acute- 
or obtuse-angled. 

(If -4 is a right angle, R will be equal to Aai\ the point a^ 
being, in this case, coincident with 0,) 

The above relations shew that twj, Wj, m^ are three points on 

It 

a conic whose foci are and iV, and whose transverse axis = -^ > 

this curve being, in fact, the locus of the centres of the conies 
which touch a, /3, y and pass through O. 
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Its equation is 



s/a cos ^ (— <ja + J/3 + cy) + ^h cos ^ (oa — J/3 + (?y) 



+ tjc cos (7 (aa + 5/3 — <Jy) = ; 
For this represents the locus of the centre of the conic 



s/la + s/m^ + Vny = 0, when >/^cos^+ i,/»icosj5+>/»cos(7=0 ; 

If we take the tri^gle A^B^ C^ (see explanation of the Notation) 
as the triangle of reference, the above equation becomes 



Va^cos-^ .a\+ VJ'cos^. /3^ + >/(?^cos C.y = 0; 

hence the conic in question (which is an ellipse or hyperbola ac- 
cording as the triangle AB C is acute- or obtase-angled) has for 
its auxiliary circle the nine-point circle of the triangle AiBi Ci, See 
Sect. XVII. 

5°. The circumscribing and nine-point circles have for a common 
tangent the directrix of each of the two parabolas which can be 
drawn through to touch a, ^, y. 

Or, since the directrix of any parabola touching a, ^, y passes 
through the polar centre P, this will amount to saying that the 
two common tangents to the circles in question through P — their 
external centre of similitude — are the directrices of the two para- 
bolas which touch the sides of the triangle, and pass through O, 

6°. The circles in question wiU also both pass through the 
centres of the rectangular hyperbolas (two in this case) which can 
be drawn through to touch the sides. 

If we compare this result with that obtained in Sect. XXV. it 
appears that these rectangular hyperbolas must touch the line 

- -f ^ _L Z; i.e. the axis of perspective of the triangles ABC^ 
a e 

BET. 

This may be otherwise shewn, as 'follows. 

The equation >Jla -f >Jm^ -f sjny = 0, will represent the two 
curves in question if 

2? cos ^-4 — 22m» cos B <io^ G ir.^^ 
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and 2 P + 22 mn COS -4 = ; 

hence, by subtracting one of these equations from the other, 
we have 

(/ sin -4 4- w sin -S + » sin C)^ = ; 

and .*. /sinu4 + wsin-5 + nsin (7 =0; 

which is precisely the condition that the curves shall touch the 

a e 

Hence, also, it follows that there are only two rectangular hyper- 
bolas passing through and touching a, /3, y : their equations being 



V/ia + ^/ml^ + iv/Wi7 = 0, and s/ha + >/^2^ + -s/way = ; 

where /j : m^ ; Zj, Mj, &c., are the ratios obtained from 2/ sin -4 = 0, 
and 

2? + 27.mn cos -4 = 0. 

7°. The equations to the two external common tangents of the 
nine-point and circumscribing circles may be deduced thus. 

If iS^ = 0, represent the latter circle, the equation 

I8a + mSj, + nS, = 0, 

may be put under the form 

2/sin^8in CS = Z.2(Zsin^Bin Ccos^a), 

which breaks up into the line at infinity Z, and the line 

2/ sin B sin Ccos Aa ; when -: — 7 -W - — = 4- -: — ~ = : 

sm^ ^ sm-5 ^ sm C * 

the equations of the common tangents in question will, there- 
fore, be /i cot-4 . a -t- «Wi cot ^ . ^ -f »i cot C . y = 0, 
ImCotA .a + Wjcot-ff .^ -f Wjcot Cy = 0; 
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where /i : mj : rii ; /, : % : W3 are the ratios obtained from 



'sin -4 



: 0, and 2 >// cos -4 = 0. 



xxvn. 

The theorem of the last Section, combined with that of Sect. 
XIX., will enable ns to find the condition that the pedal circle 
of (f , »7, C) shall touch the nine-point circle. Por, if we refer to 
XIX., it will be seen that the pedal of (f , 17, f), the nine-point 
circle, and the director of the conic 



.y 


17 C 

cos -5 COS C 




rj COS C 
f COS^ 


f cos^.o = 0, 


are co-axal ; 


hence the requi 

cos-4 /^ 

^-co8^^ 


red condition is 


/ f (i;cos^— f cos C) (i/cos (7— fcos^) 


/i7(fcos C—$co8A) (fcos^— f cos C) 



-f COS (7 .y C{$ cos A— rj cos B) {$ COS B—Tj COS A) = 0; 

i.e. the locus of a point (f , rj, f) such that the circle passing through 
the feet of the perpendiculars let fall from it upon the sides of the 
triangle of reference touches the nine-point circle, is a curve of 
the sixth order, which passes through 

V, The angular points of the triangle; and the points a^ h^ Ci 
where the radii AO, BO, CO meet the opposite sides BC, CA, 
AB, (See 4^ of the preceding Section.) 

2°. The centres of the four circles which touch the sides. Por 



the above equation is satisfied by ^ = -^ = — ^ > i.e* the 



nme- 
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point circle touches the inscribed and escribed circles; which is 
Peuerbach's theorem. 

If Cr= i(rj G08B - f cos C) f-5_ ^\ 

^^' ^ ^Vcos^ cosCj 

Vcos C COB A J 

7F= C{icoBA - ,, cos^) (_L - _5_^). 
\cos-4 cos -5/ 

The equation of the curve can be put under the form 



V C^cos^ + ^ FcobM + s/ WcoB C = ; 

which shews that it touches each of the nine right lines given by 
C^=0, F=0, TF=zO; the equations of the cubics of contact 
being, respectively, 

Fcos^- JFcoaC = 0, 

^cos C — CTcos -4 = 0, 

UcobA — Tcos^ = 0. 

The curve also evidently touches each of the cubics 
2Crcos^ + 2Fcos^- ^cosC7=:0, 

2 Fcos^ — Fcos^ + 2 ^cos C7 = 0, 
— CTcos^ + 2 Fcos^ + 2 ^Tcos C = 0. 

xxvm. 

If a?', y' be the extremities of any diameter a^ Oy\ (see Fig. 14,) 
of the circle (ABC); the intersections of the circles which bisect 
the sides of the consecutive triangles Aa/By af£C, BCif^ (^y'A, 
y'Ax\ will form five points lying on the circumference of the nine- 
point circle of the triangle ABC, 
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Fiff.l4. 

This may be deduced from the following :«— 

Given five points on a circle of radius E ; the centres of the five 
equilateral hyperbolas which pass through them, taken four and 
four together, will lie on the circumference of another circle, whose 

radius = - . J2. 

If we take any two diameters of the given circles at right angles 
to each as axes of reference, the equation of the equilateral hyper- 
bola which passes through the four points whose angular ordinates 
are a, )3, y, b can be put under the form 

I a?cos - (a + ^) + y sin - (a+^)— jB cos- (a— /S I x 

Uco8l(y+d) + ysmi(y + d)-i2co8l(y-d)j=X(^ + /-i2»), 

where 

2X = cos 1 (a+i3)cos i (y + d) + sin ^ (a + /3) sin 1 (y + b) ; 
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but this evidently reduces to 

C08-(a + i3 + y + «)(*'- 3^)+ 28ini(a+^^-y+^)aJy 
-2B j C0S-(y+^)c0S^(a-i3) + C08i(a+^)c08i(y-^) j X 

-2i2 j sin ^(y+^)co8l(a-^)+sini(a+^)cosl(y-^) j y+F^Q, 
F being the constant term. 

Prom this, the co-ordinates of the centre are found to be 

xz=z -B (cos o + cos ^ + cos y + cos d), 
2 

y z=i-R (sin a + sin jS + sin y -f sin d) : 

If, then, the angular ordinates of the five given points be ^, ^,, 
</>3» ^4> 061 the co-ordinates of the centres of the corresponding equi- 
lateral hyperbolas will be 

or = - i2 2 cos <^ — - jf2 cos 01 ^ a? = - jB 2 cos — - J2 cos 02 

y z= jr -S 2 sin — - JK sin 01 j y = - jB2 cos — - jR sin 0^ ^ 
2i Z 2 2 

Ac, 

whence it is easily seen that the five centres lie on the circle whose 
equation is 

(a? - ~ iE 2 cos 0)2 + (y - i JK 2 sin 0)« = 1 iP. 

If A,B, C, X, Y denote any five points on a circle, it follows 
from this that the consecutive intersection of the nine-point circles 
of the triangles ABC,B CX, CXY, XYA, YAB, lie on another 
circle of one-half the radius of the first. 

Hence, if two of these points (04) and (0^), for instance, are the 
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extremities of a diameter, it is easily seen that the above equa- 
tion becomes 

{x— "2" (<^^8^i+co8<^+cos^8)}'+{y— Y (8in^i+8in^a+sin<^)}^ 

i.e. it represents, in this case, the circle which bisects the sides of 
the triangle formed by the other three points. 

Hence the theorem enunciated at the beginning of the Section. 



XXIX. 

If four points be taken on the circumference of a given circle, 
the centres of the nine-point circles of the four triangles that can 
be formed from them will lie on another circle, whose radius is 
one-half that of the first. 

^^ <t>i9 03> <^3* 04 ^3 ^^6 angular ordinates of the four points, the 
co-ordinates of the centres of the nine-point circles of the corre- 
sponding triangles are easily found to be 

x= -^ (cos<^i+cos<^3-t-cos<^) ^ a: = — (cosi^j+cos^j-f cos^^) \ 

f I 

It i' It \ 

y = — (sin^i + sin<^2+ sin^^s) ) ^ = Y (8in<^+ sin^s + sm<f>;) J 

&c.; 

hence they all lie on the circle 

It It 

{x—— (cos^i + cos<^2 + cos<^s 4- cos^4)}^ + {y— — (sin<^i -f sin^^ 

-|-sin<^3 + sin<^,)}^ = li?; (1) 

i.e. on a circle whose radius = - JB, and whose centre coincides 
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with the centre of the equilateral hyperbola which passes through 

</>!> 4>i9 ^8> ^4- 

Consequences. 

If on the circle (ABC) we take two points, a^i, a?3, situated sym- 
metrically with respect to one of the vertices— ui, say; and such 
that arc Axi = Ax^ = one-sixth of the whole circumference ; then 
the nine-point circle will bisect the distance between the point 
of intersection of the perpendiculars and the centre of the circum- 
scribed circle in the case of each of the four triangles that can be 
formed firom the quadrangle B, C, Xi, x^. 




Fiff. 16. 

For if OA—fiee Pig. (15)— be taken as the axis of x, equation (1) 
becomes— since ^^ = — ^j = 60°.— 

{^- 1- (1 + cosi^ + cosi^oF + {y- Y («i^*»+ si^**)F =5-^5 

which is precisely that of the nine-point circle of the triangle 
ABC; 0, ^8, ^4 being the angular ordinates of the vertices AyB, C, 
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The above theorem is, of course, applicable to each of the 
triangles PBC, FCA, PAB, 00^0^, 00^0^ 00^0^, O^O^O^,- 
See Sect. XXTT. 

It may be also observed that the centre of the nine-point circle 
coincides with the centre of the equilateral hyperbola which cir- 
cumscribes the quadrangle -5, (7, Xi, x^. 



XXX. 

If A, B, Cy D be any four points on a circle of radius It ; the 
centroids of the triangles ABC, BCD, CD A, DAB will lie on 

another circle of radius - R. 
3 

For if ^1, ^2, ^3, ^4 be the angular ordinates of the four points 
in question, the co-ordinates of the centroids of the triangles ABC, 
&c., will be 

R JR. 

X = -^(cos^i-j-cos^j-f-cos^a) \ x-=.-T- (cos^2-|-cos</>34-cos</>4) \ 

R \' R r 

y = y (sin(^i+8in<^2+sin<^,) ) y = y (sin<^2+sin(^3-l-8in</)4) ; 
hence they, evidently, all lie on the circle 

(* - |- Sco8^)'+ (y - |.S8in,^)» = 1 . i?. 

If this circle be called the centroid-circle of the quadrangle, it 
may be shewn in the same way that the centroid circles of the five 
quadrangles that can be formed from five concyclic points will also 
have their centres on the circumference of another circle of one 
third the radius of the first. 

Mr. Townsend remarks — (see " Educational Times,*' vol. v. p. 92) 
— that the first of these theorems may be extended as follows : — 
''li A, B, C, D, JE, F, &c., be the position of ^^^5 Tsass^^^ V<^, 
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of equal masses distributed in space, Q that of their centre of 
gravity, and A!yB^ C^iy^E\ F*^ &c., those of the centres of gravity 
of their « different groups of («— 1) ; then always the two systems 
of n points A, B, C, B, E, F, &c., and A\ B, C\ B, E\ F', &c., are 
similar, oppositely placed with respect to each other, have G for 
their centre of similitude, and (« — 1) : 1 for their ratio of simili- 
tude. The truth of this is evident, for the several line^ AA\ BB^ 
CC, BBf, EE\ FF, &c., all connect through O, and are then 
divided internally in the common ratio of (« — 1) : 1." 



XXXI. 

liFyF' denote any two inverse points (f, ly, f); (-it -> -r) ; and 

«»^; y^yf'y 2,2' three pairs of points on the sides BC^ CA, AB 
such that the angles between the directions xF,BC\ yF, CA; 
zF, AB each = given angle 6 ; and likewise those between afF\ 
BC; y'F', CA; %'F\ AB each = supplement of Oi then the six 
points in question j?, af, y, y', 2, z' will lie on the same circle. 




Fiff.16. 



If the co-ordinates of Fhe f, 17, f, those of a?—- see Fig. (16) — ^will 
be 0, 17 -f f sin {B + C) cosec ^, f + f sin (^ — -5) cosec 6 : 
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hence, those of sf will be 

0,14. lsin(180°-^+ C) coFec^, - + ^siii(180° - ^-^)cosec B, 

or 

0, - + - sin (^ — (7) cosec 6, - + - sin (^ + ^) cosec 6, 

with similar expressions for those of y, y', 2, s'. 

Whence it follows that these six points lie on the conic whose 
equation is 

S . f {v + f sin (^ — ui) cosec 6} {ri sin {B + A) cosec B+ (;}a^ 

— S {17 (I sin {B + C) cosec ^ + ^) (f + f sin (^ + ^) cosec B) 

+ f (f + »7 8in(d— C) cosec d) (f sin (^ — ^) cosec ^+ f)}^y = 0; 

for if a = 0, this eqifation breaks up into the two factors 

{C+ $8iu{B — B) cosec B} P — {$ sin {B + C) cosec B + rj} y, 

and 

jy {f sin (^ + -5) cosec ^ + f } iS — f {f + v sin (^ — C) cosec ^} y, 

i.e. it passes through j?, ^ ; and similarly through y, y' ; 2, 2'. 

Again, since the conditions that the conic Swa' + 22u'fiy shall be 
a circle, are 

wh^ + t?c' — 2u'bc = w^j* + w?a' — 2^ca = t?«' -|- wi'' — 2w'ab, 

we have in the case before us, 

wP+v<^- 2u:hc={{rj + $Bin{B -^ C)cosecB)h+ (f +|sin(^--5)co8ec^)(?} 

X {C{£ + V sin {B — C) cosec B)h + rj{$+ f sin {B + B) cosec ^)(?} 

= u<^ + wc? — 2t?'ca = vc? + wJ' — 2w'ah. 
Or the conic is a circle. 
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If the equation to the above circle, which we may call the 
Oblique Pedal of (f , 17, C\ be written, for shortness, F^ (f , 17, f) = ; 
and if f = 17 = f, we have 

Fg{l, 1, 1) = 2(1 + COS^)a' — 22(1 + COsi?) (1 + cos C)Py 

— cot ^^ (sin Aa + Bin J?^ + sin Cyf = ; 

which represents a circle concentric with the inscribed circle, and 
cutting the sides at an angle of 90"—^. 
In the same way 

Fg{-1, 1, 1) = ^«-cot'^(sin^a + sin^iS + sin Cyf = 

represents the circle concentric with one of the escribed circles ^„, 
which cuts the sides at the same angle 90°—^. 

Hence if / = denote the inscribed circle, we have 

P,(l,l,l)-P,(-l,l,l) = /-^«; 

i.e. the oblique pedals P^(l, 1, 1), P^( — 1, 1, 1) intersect on the 
circle which has for a diameter the line joining the centres of 
perspective of /and ^a. 
Again, since 

P^ (f,j;,f) = 2 . {(17+f sin(^— ^)cosec^) {rj sin(^-|-^)cosec^+f)a2 
— 2 . {rj{ism{B+ C) cosec^+>7) (f + f 8in(^+ J?)cosec^) 
+ f(f + j;sin(^— C)cosec^) (|sin(^— i?)cosec^+i')}^y, 
we have, if 

2 ^ (7; + f sin (^ — A) cosec B) (17 sin (B + A) cosec B+() sin B sin Ca 
X 2 sin Aa = Fii 
Fi — sin A sin B^m C . Fg (f , 17, f); 



= 2 .sin ^{sin *-5f (f + 1; sin ^— C cosec B) (^ sin ^4- (7 cosec B-\-ri) 



+ sin^Cj7(f + {sin ^—^ cosec ^) (fsin ^+J9 cosec ^ + f) 



+ sin -5 sin Cri ({ sin B+ C cosec B+rj) (f + f sin B+B cosec B) 



+ sin -5 sin Cf ({ + 17 sin ^ — C cosec B) {( sin B-^B cosec B+ C) }^y. 
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= 2{siii5(jy + |sia^ + Ccosec^) + smC{C+ ( sim d — B coBec 6)} 



X {sinBC{i-\-rsm6— Cco8ec^)+8iiiC?;({+fsiii^-i-J?co8ec^)}8in^^y. 

=^2,{8mA$ + 9mJBrj + sin CC){BmAi]C + 8iaBC$ + siiiC$rj)smAPy. 

.'. The equation to the pedal of (f, rf, () may be written in the 
form 



^sinAa . 2f (17 +f8in ^— ^cosec 6){ri sin ^ + A co8ec ^ + i')8in^sin Ca 
= 2 sin A$ . 2 sin Ari( , 2 sin Affy, 

If (f, 17, f) lies on the circumscribing circle, we have 
2 sin ArfC = 0, 
and the pedal breaks up into the line at infinity 2 sin Aay and 



2${i] + CbuiB — A cosec 6) (rj sin ^ + ^ cosec ^ + f) — — . = 0. 

sin A 

Also the equation of the radical axis of P^ (|, i;, f ) and the cir- 
cumscribed circle is easily seen to be 



2j (ji 4. f sin B — A cosec B) (17 sin ^ + ^ cosec ^ + -^—a = 0» 

sm ^ 

or, what is the same thing, 

sin»^.2(, + fcos^)(i + icos^)^^ 

+ 8indcos^ • 2 (7 )" 

— cos '^ . 2 sin ^a = ; 

hence, if (5, 77, f) be a ^ip^<? point, the envelope of the radical axis 
in question will be given by the equation 

42sin^a . 2(17 + fcos^) f- + -^cos^] 



sin -4 



+ l('r0"+(M>+(|-i)'r=»^ 
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which represents a parabola whose axis is parallel to the line 
2 ( ^ — - 1 a = ; i.e. to the line which joins (|, »;, f ) to 

Similarly, if (f , tf, f) be supposed to be a fixed point, it may be 
shewn that the envelope of the circle F^ (f , i;, {) is a curve of the 
fourth order. 



If the tnangles ABC, xyz-~Bee Fig. (16)— are in perspective, 
the locus of F wiU be the cubic 



(jy sin B+A cosec 6 + (f sin B+B cosec B+() {( sin d+ Ccosec B+ri) 



=(';+f sin^— ^cosec^)(i'-|-f sin^— J?co8ec^)(f +17 sin^— Ccosec^). 
Since this equation remains unchanged when f , i;, f are replaced 

by -» -, -, and B by 180°— d, it follows that, if the triangle of 
I »? f 

reference is in perspective with xf/z, it will also be in perspective 
with the triangle af^z\ 

If ^ = 90°, the equation to the cubic in question becomes 

(»,C0S^ + f)(fC0sJ?+f)(fC08C+i;)=(i;+fC08^)(f+|C08J5)(f + .yC0sC), 

i.e. the locus of a point F such that the triangle xyz — ^formed by 
the feet of the perpendiculars drawn from it on the sides BC, CA, 
^^— shall be in perspective with the triangle ABC, is a curve of 
the third order, which passes through 

\\ The angles of the triangle ABC, 
2°. The centres of the four circles which touch the sides. 
3*. The point of intersection of the three perpendiculars. 
4°. The centre 0, of the circumscribing circle. 
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5^ The points where the radii AO, BO, CO produced meet 
this circle again. 

Moreover the cubic is central, having for its centre; and 
since its equation remains unchanged when |, i}, { are replaced by 

-, -, -, it IS also its own inverse. 
i n C 
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Note on the Theorem of Sect. XXVm. 

If the middle points of the sides Ai, Bi, C^ and the feet of the 
perpendiculars i>, E^ F of any triangle ABC be divided into six 
groups of five points, it appears from Sect. XXYIII. that to each 
group there will correspond a certain circle ; viz. the circle which 
passes through the centres of the five equilateral hyperbolas drawn 
through the points comprised in the group — taken four and four 
together. This being so, it may be easily shewn that the centres 
of these six circles will all lie on the circumference of another circle 

of radius -.R; R being the radius of the circle {ABC), 

For, if any two rectangular diameters of the circle {AiBiCi 
DEF) be taken as axes of reference, and ^i, ^ . . . . ^ be the 
angular ordinates of A^, B^, Cj, i>, E^ Fy the equations of the six 
circles in question will be 

R 

{a? — — (cos<^i + co8<^ + cos^, + oos<^4 + cos^^a)}' 

R 1 

+{y - Y (^*i + ^^^ + sin^ + sin<^4+ sin<^j)}' =16'^' 

R 
{a?— "2- (cos^+cofl^ + co8<^4+cos<^5H-cos^)}' 

R 1 

+{y - Y (8in^+ sin^ + 8in<^4 + sin<^5 + 8in<^«)}* ~ l6 ' ^' 

&c. 
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The co-ordinates of their centres are, therefore, 

a? = --- 2 COS </> — COS </>6 1 a? = -— 2 COS d) cos 6i 

4 4 f 4 4 

y =. — 2 sm sm 0j / y = — 2 sin ^ sin 0, , 

4 4 4 4 

&c. 
which, evidently, will lie on the circle 

L^ — 2coB<l>y^(^y^ — 2sin<^y = — -B;' 

The result arrived at in Sect. XXVIII. leads also to the follow- 
ing curious extension of a known theorem : — 

If we are given any five right lines, M. Auguste Miquel has 
shewn (see Catalan's Theoremes et FrohVbmes de Geometrie EUmen- 
taire) that the foci of the five paraholas which touch them, taken 
four and four together, lie on a circle ; 

Hence, if five equilateral hyperbolas be made to pass through these 
foci, taken four together, we learn from the result before us that 
their centres will lie on a second circle of one-half the radius of 
the first or five-focus circle. 



I may observe that the theorem under consideration may be 
derived from the foUowii^ :— 

Given five points -4,-5, C^D^E on any conic section K\ then 
the consecutive intersections of the five conies, each similar and 
similarly placed to JT, which bisect the sides of the triangles ABC^ 
BCD, CLE, BE A, EAB, lie on a sixth similar and similarly 
placed conic, whose axes = one-half those of JT. 

For example, if we take JTto be the ellipse 

and A, B,C,D,E\o be the points (a cos ^„ I sin 0,) ; (a cos ^ 
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h sin ^2) ; (a cob ^3, h sin (f}^); {a cos ^4, h sin (f>i) ; {a cos </)5, 3 sin ^5;) 
it is easily seen that the equations of the two ellipses, similar and 
similarly placed to JT, which bisect the sides of the triangles ABC, 
BCD, for instance, are 

{x — -(COS01 + cos(^2+cos(^)}2 {y — -(sin</>i+ sin^a + sinews) }2 
- + - 

_ 1 

{d? — I (cos(^2+ co8</)3+ COS04)}' y^2 ^^^^^ + sin<^3+ sin04)}* 

_ 1 
""4' 

and, consequently, that they pass through the common point ^ 
a? = - (cos <^i+cos </)2 + cos <ft| + cos 4^^ 

y = -(sin<^i+sin^+ sin<^8 + sin ^4) 

Hence, the co-ordinates of the five consecutive points of intersec- 
tion of the five ellipses before us are 

a? = — 2 cos (^ — ^ cos ^4 \ a? = — S cos (^ — ^ cos <^, 
y = —28m4>^—sm<t)J y z=—2sm4>'-' — suKpi ^ 

which will all lie on the similar and similarly placed ellipse 

{a?-|2C08(^}' {y--2sin<^}' ^ 
a' ■*" J5 =4 
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Note on Seot. XXn. 

The property of the nine-point circle given on page 41 — yiz. that 
it is the polar circle of the triangle whose vertices are {BiCi, HF)^ 
{CiAiy FD\ {AiBi, i>^)— was first noticed by M. Schroeter of 
Breslau. See the JVouvelles Annales de MathSmatiques for October, 
1864, p. 442. 

The proof in the text is, however, the Author's. 
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A Uew Edition of Jelf's Greek Grammar. 

A GRAMMAR OF THE GREEK LANGUAGE, chiefly 
from the Text of Raphael Kiihner. By Wm. Edward 
Jelf, M.A., Student of Ch. Ch. Fourth Edition. 2 vols., 

8V0., ;^I lOJ". 

This Grammar is in general use at Oxford^ Cambridge, Dublin, and 
Durham ; at Eton, Kin^s College, London, and most other Public Schools. 

Greek Accents. 

LAWS OF THE GREEK ACCENTS. By John Griffiths, 
M.A. i6mo. Twelfth Edition, Price 6d. 

Madvig's Latin Grammar. 

A LATIN GRAMMAR FOR THE USE OF SCHOOLS. 
By Professor Madvig, with additions by the Author. Trans- 
lated by the Rev. G. Woods, M.A. 8vo., uniform with 
Jelf's "Greek Grammar." Fifth Edition. 8vo., cloth, 12s. 

Competent authorities pronounce this work to be the very best Latin 
Grammar yet published in England. This new edition contains an Index 
to the authors quoted. 

Greek Testament. 

H KAINH AIA0HKH. The Greek Testament with English 
Notes. By the Rev. Edward Burton, p.D., sometime 
Regius Professor of Divinity in the University of Oxford. 
Sixth Edition, with Index. 8vo., cloth, \os. 6d. 
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Science. 

TEXT-BOOR OF MECHANICAL PHILOSOPHY, for 
the use of Students. By Professor Walker. Pt I. Mecha- 
nics, i6mo., 5 J. Pt 11. Hydrostatics and Pneumatics, 
2S. dd, 

NEWTON'S PRINCIPIA, First Three Sections of. By G. L. 
Cooke, B.D.^ Sedleian Reader in Natural Philosophy. 
8vo., cloth, df. 

Logic. 

ARTIS LOGICiE RUDIMENTA (Aldrich). Accessit So- 
lutio Sophismatum. Sewed, 2^. 6//. ; interleaved, 3^. 6//. 

ALDRICH'S LOGIC, with Notes. By John Hill, B.D. 
i2mo., doth^ 3^. 

ESSAY ON LOGICAL METHOD. By C. P. Chretien, 
M.A., Fellow and Tutor of Oriel College. 8vo., ds, 

INTRODUCTION TO LOGIC. By the Rev. George 

MOBERLY, D.C.L. I2mO., 2J. dd, 

LECTURES ON LOGIC. By C. E. Moberly, late Student 
of Balliol College. Fcap. 8vo., 4f. dd, 
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Mathematics. 

TRILINEAR CO-ORDINATES. With Examples. In- 
tended chiefly for the Use of Junior Students. By C. J. C. 
Price, M.A., Fellow and Mathematical Lecturer of Exeter 
College, Oxford. Crown 8vo., cloth, 8s. 

NOTES ON THE GEOMETRY OF THE PLANE 
TRIANGLE. By John Griffiths, M.A., Mathematical 
Lecturer of Jesus College, Oxford. \Just ready, 

A SYLLABUS OF PLANE ALGEBRAICAL GEO- 
METRY, Systematically Arranged, with Formal Definitions, 
Postulates, and Axioms. By Charles Lutwidge Dodgson, 
M.A., Student and Mathematical Lecturer of Christ Church, 
Oxford. Part I. Containing Points, Right Lines, Rectilinear 
Figures, Pencils, and Circles. Svo., cloth^ 5J. 

By the same Author, 
A GUIDE TO THE MATHEMATICAL STUDENT 
in Reading, Reviewing, and Working Examples. Part I. 
Pure Mathematics. 8vo., sewedy is. 

THE FORMULAE OF PLANE TRIGONOMETRY, 
Printed with Symbols (instead of Words) to express the 
" Goniometrical Ratios." Fcap. 4to., sewed, is, 

Euclid. 

THE PROPOSITIONS OF THE FIFTH BOOK OF 
EUCLID PROVED ALGEBRAICALLY : with an IN- 
TRODUCTION, NOTES, AND QUESTIONS. By George 
Sturton Ward, M.A., Mathematical Lecturer in Magdalen 
Hall, and Public Examiner in the University of Oxford. 
Crown 8vo., 2s, 6d. 



LIST OF THE OXFORD POCKET CLASSICS; 

A SERIES OF THE GREEK AND LATIN CLASSICS 
FOR THE USE OF SCHOOLS. 



The advantages of this series of Classics are, that they are 
printed from the best texts extant, and each volume has, 
during its progress through the press, been superintended by- 
some competent member of the University. There have 
also been supplied, where necessary, summaries, Chronological 
Tables, Biographical notices. Indices, and the like,— aids which 
are often wanting in other editions. Lastly, they are printed 
with a good plain type, and on a firm, fine paper, capable of 
receiving writing-ink for notes ; whilst at the same time they 
are supplied at moderate prices. 
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Aristophanes. 2 vols. 




5 


6 


Euripides. 3 vols. 
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Sophocles . 




2 6 


3 


Homeri Ilias 




3 


3 6 


Odyssea . 




2 6 


3 
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Aristotelis Ethica . 

Demosthenes de Corona, et 
-^schines in Ctesiphontem 

Herodotus. 2 vols. 

Thucydides. 2 vols. 

Xenophontis Memorabilia 

Anabasis 
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Paper. 


Bound. 






s. d. 
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Horatius . 




I 6 


2 O 


Juvenalis et Persius 




I o 


I 6 


Lucanus . 




2 O 


2 6 


Lucretius . 




I 6 


2 O 


Phaedrus . 




I o 


I 4 


Virgilius . 




2 O 


2 6 



Caesaris Commentarii, cum Supplementis 

Auli Hirtii et aliorum . 
Commentarii de Bello GaHico 



Cicero de Officiis, de Senectute, et de 
Amicitia .... 

Ciceronis Tusculanarum Disputationum 
LibriV. . . . . 

Orationes Selectae, in the Press, 

Cornelius Nepos .... 

Livius. 4 vols. . 

Sallustius . ... 

Tacitus. 2 vols. .... 
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4 
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EXTRACT FROM THE '' ATHENMUM:' 

"Mr. Parker is supplying a want long felt in issuing a series of good 
Classical Texts, well edited, and in a cheap /orm. The expensiveness of 
our school-books is a crying evil, which cannot be too soon abated. It is 
absurd extravagance to put costly books into the hands of schoolboys, to 
be thumbed and torn to pieces, when cheaper ones would answer every 
useful purpose just as well. In this respect our neighbours on the Con- 
tinent are far more rational than we are. We look with satisfaction 
upon Mr. Parker's efforts to bring about an amendment Though we 
think it would have been better to announce the editor's name, we 
willingly bear testimony to the ability with which he has executed his 
task, and have much pleasure in recommending the Texts as suitable 
for school purposes." 
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(TJmform with the Series of " Oxford Pocket Olassics.") 



These Notes axe intended as far as possible to assist in 
mastering difficulties, instead of affording facilities for pass- 
ing them over, both by pointing out wherein the real diffi- 
culty lies, and then the means for overcoming it by reference 
to rules of construction, grammars, &c. ; in short, such infor- 
mation as in all probability the tutor would think it necessary 
to impart himself to his scholars ; and thus it is hoped that, 
without preventing the acquirement of a fundamental know- 
ledge of the language, they may materially save the time both 
of Teacher and Pupil. 
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Text and Notes. 



SOPHOCLES, 



. AjAX 

Electra . 
(Edipus Rex 
CEdipus Coloneus 
Antigone . 
Philoctetes 

TRACHINIiE 
The Notes only, in i vol., cl., 3s. 

EURIPIDES. 
Hecuba / . .10 
Medea . . .10 
Orestes . . .10 

HiPPOLYTUS . .10 

PHCENISSiE . .10 

Alcestis . . .10 

BACCHiE . . .10 

The Notes only, in i vol., cl., 3s. 
S 



^SCHYLUS. 

s. 
PERSiE . . .1 

Prometheus Vinctus i 
Septem Contra Thebas i 
Agamemnon . . 1 

CHOEPHORiE . . I 

EUMENIDES . . I 

SUPPLICES . . .1 



d. 
O 
O 
O 
O 
O 

o 
o 



The Notes only, in i vol., cl., 3s. 6(L 



ARISTOPHANES. 



Knights . 

acharnians 

Birds 



@xnk "^ZE'riftrs (toxdixmb). 
Text and Notes. 
HOMER. 



Iliad, Books I. — VI. 

DEMOSTHENES. 
De Corona , . 2 



s. d, 
2 O 



Olynthiac Orations i o 

iESCHINES. 
In Ctesiphontem . 2 o 



Text and Notes. 



VIRGIL. 
Bucolics . , . i c 
Georgics . . . 2 ( 
First Three Books of the 
^NEID . . . I < 

HORACE. 
Satires . . . i ( 
Odes and Epodes . 2 < 
Epistles and Ars Po- 

ETICA . . . I c 

The Notes only, in I vol., cl., 2s. 

PHiEDRUS. 
Fables . . . i c 

LIVY. 
Books XXI.— XXIV. 4 < 
Ditto in cloth, i voL . 4 ( 

SALLUST. 

JUGURTHA . . . I ( 

Catiline . . . i < 



CORNELIUS NEPOS. 
Lives . . .1 

CICERO. 

De Senectute, and 

De Amicitia . . i 
Orationesin Catilinam I 
Oratio Pro Lege Ma- 
NiLiA, and Oratio 
Pro Archia . . i 
Oratio Pro Milone . i 
In Q. CiEciLiUM ; Divi- 

NATIO . . .1 

In Verrem Actio Prima i 

EPISTOLiE SELECTiE . I 
OrATIONES PHILIPPICiE, 

in the Press, 

CiESAR. 
De Bello Gallico, 
Books I.— IIL . i 



"The Notes contam sufficient information, without affording the pupil 
so much assistance as to supersede all exertion on his part." — Athenaum. 

" Be all this as it may, it is a real benefit to public schoolboys to be able 
to purchase any Greek Play they want for One Shilling. When we were 
introduced to Greek Plays, about forty years ago, we had put into our 
hands a portly 8vo. volume, containing Porson's four Plays, without one 
word of English in the shape of notes ; and we have no doubt the book cost 
nearer twenty than ten shillings, and, after all, was nothing near so useful 
as these neat little copies at One Shilling each." — Educational Times, 



ThucydideSy with Notes, chiefly Historical and Geographical. 
By the late T. Arnold, D.D. With Indices by the Rev. 
R. P. G. TiDDEMAN. Fifth Edition, 

Compute^ 3 volumes y S/vo.f cloth letter ed^ £\\(is. 



The Text of Arnold, with his Argu- 
ment. The Indexes adapted to his Sections, and the 
Greek Index greatly enlarged. By the Rev. R. P. G. 
TiDDEMAN. In One thick Volume. 8vo., i2x. 

Sophoclis TragxduB: With Notes, for the use of Schools and 
Universities. By T. Mitchell, M.A. 8vo. 

The following are to be had separately ^ at 5j. each, 

AjAX. I Antigone. 

TRACHINIiE. PhiLOCTETES. 



CEdipus Coloneus. 
Electra. 



Aristotle, — The Ethics of Aristotle, with Notes, by the Rev. 
W. E. Jelf, Author of the Greek Grammar, &c. 8vo., i2j. 
Text separately^ 5j. Notes separately^ p. 6d. 

jEschylus, — The Eumenides, with Notes by Linwood and 
Blomfield. 8vo., 8j. 



Prometheus, the text of Dindorf, with Notes by 



John Griffiths, M.A. 8vo., $s, 

Aristophanes, — The Birds of Aristophanes, with Notes. By 
T. H. Blaydes, M.A. 8vo., 5J. 



IplransIati0ns ixom tj^je ^lassks. 

THE HISTORY OF THE PELOPONNESIAN WAR, 
by Thucydides, in Eight Books. — Book I. Done into 
English by Richard Crawley, of University College, Ox- 
ford. 8vo., cloth, 5 J. 

THE GEORGICS OF VIRGIL, Literally and Rhythmeti- 
cally translated. By W. Sewell, B.D., Warden of S. Peter's 
College, Radley, and Fellow of Exeter College, Oxford. 
Fcap. 8yo., cloth, 2s, 6d. 



Three Vols., Fcap. Sz/o., with Illustrations^ each ^s. 

Becommended by the Examiners in the School of Modem 
History at Oxford. 

THE ANNALS OF ENGLAND ; An Epitome of EngHsh 
History, from Cotemporary Writers, the Rolls of Parlia- 
ment, and other Public Records. 

Vol I, From the Roman Era to the Death of Richard IL 

Vol, IL From the Accession of the House of Lancaster to 
Charles /. 

Vol LLL. From the Commonwealth to the Death of Queen 
Anne, 

SUPPLEANT DE LA PRATIQUE du Langage Familier, 
ou Application des Idiotismes Frangais. Par Jules BuBi. 
No. I. La Cameraderie, par Scribe. Svo. 4f. 
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Professor Oonington. 

THE STYLE OF LUCRETIUS AND CATULLUS AS 
COMPARED WITH THAT OF THE AUGUSTAN 
POETS. A Lecture delivered March 9, 1867, by John 
CoNiNGTON, M.A., Corpus Professor of Latin in the Uni- 
versity of Oxford. With an Appendix on Mr. Munro's 
Postscript to his Second Edition of Lucretius. 8vo., is. 

Professor Bernard. 

REMARKS ON SOME LATE DECISIONS RESPECT- 
ING THE COLONIAL CHURCH. By Mountague 
Bernard, M.A., Chichele Professor of International Law 
and Diplomacy in the University of Oxford. 8vo., sewed, is. 

ON THE PRINCIPLE OF NON-INTERVENTION. 
A Lecture delivered in the Hall of All Souls' College. By 
Mountague Bernard, M.A., Chichele Professor of Inter- 
national Law and Diplomacy in the University of Oxford. 
Swo.y price is. 

TWO LECTURES ON THE PRESENT AMERICAN 
WAR. November, 1861. 8vo., sewed, price is, 

NOTES ON SOME QUESTIONS SUGGESTED BY THE 
CASE OF THE "TRENT." Zyo,y price \s. 

Professor Goldwin Smith. 

THREE LECTURES ON MODERN HISTORY, deli- 
vered in Oxford, 1859-61. Second Edition, Post Svo,, cloth, 
Zs, 6d, 

I. An Inaugural Lecture. 

IL On the Study of History. 
III. On some supposed consequences of the Doctrine of 

Historical Progress. 
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^r0fess0rial 'M^ttinxtB {continued). 
Professor Daubeny. 

LECTURES ON ROMAN HUSBANDRY, delivered before 
the University of Oxford. By CHARLES DAUBENY, 
M.D., F.R.S., M.RI.A., &c. 8vo., cloth, 6s, 

LECTURES ON THE TREES AND SHRUBS OF THE 
ANCIENTS. Zwo., cloth, zs. ^d. 

Professor Ueate. 

THREE LECTURES ON TAXATION, ESPECIALLY 
THAT OF LAND, delivered at Oxford, in the Year i860. 
By Charles Neate, M. A., Fellow of Oriel ; Professor of 
Political Economy in the University of Oxford. Svo., price is. 

TWO LECTURES ON TRADES UNIONS, delivered in 
the- University of Oxford in the year 1861. 8vo.,/r?V<? u. dd. 
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Johnson's Lives of the Poets. 

In 3 vols.^ 2/^mo,y cloth, price ^s, 6d, each, {Uniform with the 
" Oxford Pocket Classics,'') 

THE LIVES OF THE MOST EMINENT ENGLISH 
POETS ; With Critical Observations on their Works. 
By SAMUEL JOHNSON. 

Volumes containing the Works, or 'selections from the Works, of the 
English Classical writers, suitable for use in Schools, will be issued from 
time to time. 

ERASMI COLLOQUIA SELECTA: Arranged for Trans- 
lation and Re-translation; adapted for the Use of Boys 
who have begun the Latin Syntax. By Edward C. Lowe, 
D.D., Head Master of S. John's Middle School, Hurstpier- 
point. Fcap. 8vo., cloth, 3^. 

JBy the same Author, 

AN ENGLISH PRIMER. Crown Svo. cloth, 2s. 6d, 
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THE OXFORD UNIVERSITY CALENDAR, 1867. Cor- 
rected to the end of Michaelmas Term, 1866. i2mo., 
boards, 4s. ; roan, 4s, 6d, 



= Special Edition, with 

Class-Lists from 1800 to the present time. Roan, 6s. 

THE OXFORD TEN-YEAR BOOK: A Volume Supple- 
mentary to the " Oxford University Calendar." i2mo., 
cloth, price $s. ; black roan, 5^. 6d. 

This volume has an Index which shews at once all the academical 
honours and offices of every person comprised in the lists, which date from 
the earliest times in the history of the University to the present. The first 
of these decennial volumes is made up to the end of the year i860 ; the 
second will be issued after the end of 1870. The Calendar itself will 
be published annually as before, and will contain all the Class Lists, and 
all the names of Officers, Professors, and others, accruing since the date of 
the preceding Ten-Year Book. 

PASS AND CLASS : An Oxford Guide-Book through the 
Courses oi Litera Humaniores^ Mathematics, Natural Science, 
and Law and Modem History. By Montagu Burrows, 
Chichele Professor of Modem History. Third Edition, 
Revised and Enlarged; with Appendices on the Indian 
Civil Service, the Diplomatic Service, and the Local Ex- 
aminations. Fcap. 8vo., cloth, price 5J. 

REGISTER OF CONVOCATION OF THE UNIVER- 
SITY OF OXFORD FOR 1866. S\o., sewed, price is, 
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'W^nxbtXBxts '^^mmxnnixon papers* 

THE OXFORD UNIVERSITY EXAMINATION PAPERS 

during the Hilary, Easter, and Trinity Terms, 1863. In- 
cluding those for the several Scholarships as well as those 
for the Public Examinations. In one volume 8vo., cloth, 
price I OS, 

, A few copies of some may still be had separately^ asfollmvs : — 

Scholarships. 1863. Public Examinations. 



No. s. d. 

z. Hertford z o 

a. Senior University Mathematical o 6 

3. Junior University Mathematical o 6 

4. Ireland z o 

7. Johnson z o 

Z3. Taylor 06 



No. 

5. Responsions 
Z4. Kesponsions 



s. d. 
Hilary o 6 

Trinity o 6 



9. xst Public, Lit. Hum. Easter 



Z2. zst. Public, Math. ditto z o 

6. 2nd Public, Lit Hum. Easter z o 

zo. 2nd Public, Math. ditto z o 

zx. 2nd Public, Law and Hist, ditto z o 

8. 2nd Public, Nat. Science ditto o 6 
The above in one Volume^ price lOr. 



POE THE AOADEMIOAL YEAE ENDINQ JULY, 1864. 

A few copies of some may still be had separately^ as follows : — 



Michaelmas. Z863. 

No. ^ 

z8. Responsions 
z6. zst Public, Lit. Hum. 
2z. zst Public, Math, et Phys. 
z5. and Public, Lit Hum. 
Z9. and Public, Math. 
30. and Public, Law and Hist. 
Z7. and Public, Nat. Science 
Hilary, 1864. 
aa. Hertford Scholarship 
33. Responsions 



o 6 



Easter and Trinity, Z864. 
No. 

30. Responsions 

25. zst Public, Lit. Graec. et Lat 
aS. xst Public, Disc. Math. . 
24. and Public, Lit. Hum. 
a6. and Public, Law and Hist, 
aj. and Public, Math, et Phys. 
ag. and Public, Nat. Science 



s. d. 
o 6 



The above in one Volume, price \2s. 



FOE THE AOADEMIOAL YEAE ENDINQ JULY, 1865. 

A few copies of some may still be had separately ^ cts follows : — 

Easter and Trinity, Z865. 
*. d. No. 

6 45« Responsions 



Michaelmas, Z864. 
Na 
37. Responsions 

33. zst Public, Lit. Graec. et Lat 

34. zst Public, Disc. Math. 
3z. and Public, Lit. Hum. 
36. and Public, Law and Hist. 

35. and Public, Math, et Phys. 
3a. and Public, Nat. Science . 



Hilary, z86s. 
38. Responsions 



o 6 



43. xst Public, Lit. Graec. et Lat. 
4z. xst Public, Disc. Math. 

39. and Public, Lit. Hum. 

40. 2nd Public, Math, et Phys. 

44. and Public, Law and Hist. 
43. and Public, Nat Science . 



*. d. 
o 6 



The above in one Volume^ price I2s% 



IS 



^Mj^umitiKiian "^npxB, {continued). 



£0B THE AOADEiaOAL TEAB ENDDTa JULT, 1866. 

Copies of each may still be had separately y as follows: — 



Michaelmas, 1865. 
No. s, d. 



52. Responsions . . . .06 

46. ist Public, Lit. Graec. et Lat. 
50. xst Public, Disc. Math. 

47. 2nd Public, Lit. Hum. 
5Z. 2nd Public, Law and Hist. 
49. 2nd Public, Math, et Phys. 

48. 2nd Public, Nat. Science . 

Hilary, 1866. 

53. Responsions 

The above in one Volume^ price I2j. 



Easter and Trinity y 1866. 

No. s. d. 

60. Responsions . . . .06 

54. xst Public, Lit. Graec. et Lat. 

58. ist Public, Disc. Math. . 

55. and Public, Lit. Hum. 

59. 2nd Public, Math, et Phys. 

56. 2nd Public, Law and Hist. 

57. 2nd Public, Nat. Science . 



Those for Miohaelmas Term, 1866, may be had separately, as follows : — 
No. No. 

62. Responsions . . . . o 6 I 6z. 2nd Public, Lit. Hum. . . i 

63. xst Public, Lit. Graec. et Lat. . i o 65. 2nd Public, Law and Hist. . x 

64. xst. Public, Disc. Math. . . x o I 66. 2nd Public, Math, et Phys. . i 

These are printed directly from the official copies used 
by the Examiners in the Schools. 



%vo,y sewed, price 2s, 

UNIVERSITY OF OXFORD. LOCAL EXAMINA- 
TIONS. Examination Papers for the year 1866, with Lists 
of the Delegates and Examiners, and the Regulations and 
Notices prefixed. 
The Examination Papers for previous years may be had, 

Svo., sewedy price is, 6d, 
UNIVERSITY OF OXFORD. LOCAL EXAMINA- 
TIONS. Seventh Annual Report of the Delegacy for the 
year 1866. 

The Reports for previous years may be had, 
16 



;]©00hs, ^t., ^^lafmg I0 O^forb. 



THE ISTEW MUSEUM. 

THE OXFORD MUSEUM. The Substance of a Lecture by 
Henry W. Acland, M.D., LLD., F.R.S., Regius Professor 
of Medicine; and Honorary Physician to H.R.H. the 
Prince of Wales. With Extracts from a Letter by John 
Phillips, M.A., D.C.L., F.R.S., Professor of Geology, and 
Keeper of the Museum. With a Short Summary of the 
Contents of the Museum. Third Edition, Fcap. 8vo., 
sewed, price is, 

THE OOLLEaES. 

Svo., cloth gilty price 1 2J. 

A HAND-BOOK FOR VISITORS TO OXFORD. Illus- 
trated by One Hundred and Twenty-^ight Woodcuts by 
Jewitt, and Twenty-nine Steel Plates by Le Keux. A New 
Edition. 

iSmo,, in omatnentaJ wrapper ^ price is, 

THE RAILWAY TRAVELLER'S WALK THROUGH 
OXFORD. A New Edition, with Fifty-two lilustrcUions. 

/^to., price 6d, each, 

107 VIEWS IN OXFOED. 

Engraved by John Le Keux, from Drawings by F. Mackenzie. 

8vo., 2S, 
SKETCH OF THE LIFE OF WALTER DE MERTON, 
Lord High Chancellor of England, and Bishop of Roches- 
ter; Founder of Merton College. By Edmund, Bishop of 
Nelson, New Zealand ; late Fellow of Merton College, D.D. 



Books relating to the Neighbourhood of Oxford. 



ARCHITECTURAL TOPOGRAPHY— AN ARCHITEC- 
TURAL ACCOUNT OF EVERY CHURCH IN 

I. Oxfordshire, 2s, 6d, 11. Berkshire, 2s, 6d, 
III. Buckinghamshire, 2s. 6d. 

Its Dedication, — Supposed date of Erection or Alteration, 
— Objects of Interest in or near, — Notices of Fonts, — Glass, 
Furniture, — and other details. — ^Also Lists of dated exam- 
ples, Works relating to the County, &c. 

The set of Three Parts in One Volume^ t,e. containing the whole 
of the Diocese of Oxford, Svo,, cloth, Ss, 6d. 

A GUIDE TO THE ARCHITECTURAL ANTIQUI- 
TIES IN THE NEIGHBOURHOOD OF OXFORD. 
Svo,, illustrated 3y ^So Woodcuts, 12s, 

Folio, cloth, price Sj. 
OXFORDSHIRE— DOMESDAY BOOK, or the Great Sur- 
vey of England of William the Conqueror, a. d. mlxxxvi. 
Facsimile of the part relating to Oxfordshire. 

This is an exact facsimile taken by means of Photography. The process 
is named by Sir Henry James, — Photozincography. The actual MS. of the 
Domesday Survey was by permission taken to the Ordnance Office at 
Southampton, where under the general superintendence of the Director of 
the Ordnance Survey the photograph was taken and transferred to zinc, 
from which the copies are printed. Thus the slightest mark in the original 
occurs in this facsimile. 

DOMESDAY BOOK, or the Great Survey of England of 

William the Conqueror, a.d. mlxxxvi. A literal Translation 

of the part relating to Oxfordshire, with Introduction, &c. 

\In the FresSi 
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Books relating to the Neighbourhood of Oxford. 



ARCHITECTURAL TOPOGRAPHY— AN ARCHITEC- 
TURAL ACCOUNT OF EVERY CHURCH IN 

I. Oxfordshire, 2s. 6d, 11. Berkshire, 2s, 6d, 
III. Buckinghamshire, 2s. 6d. 

Its Dedication, — Supposed date of Erection or Alteration, 
— Objects of Interest in or near, — Notices of Fonts, — Glass, 
Furniture, — and other details. — ^Also Lists of dated exam- 
ples, Works relating to the County, &c. 

The set of Three Parts in One Volume^ i.e. containing the whole 
of the Diocese of Oxford, Svo,, cloth, %s, 6d, 

A GUIDE TO THE ARCHITECTURAL ANTIQUI- 
TIES IN THE NEIGHBOURHOOD OF OXFORD. 
^vo,, illustrated by ^^o Woodcuts, 12s, 

Folio, cloth, price Sj. 
OXFORDSHIRE— DOMESDAY BOOK, or the Great Sur- 
vey of England of William the Conqueror, a.d. mlxxxvi. 
Facsimile of the part relating to Oxfordshire. 

This is an exact facsimile taken by means of Photography. The process 
is named by Sir Henry James, — Photozincography. The actual MS. of th* 
Domesday Survey was by permission taken to the Ordnance Office ? 
Southampton, where under the general superintendence of the Director 
the Ordnance Survey the photograph was taken and transferretl to ^ 
from which the copies are printed. Thus the slightest mark m. t^oty 
occurs in this facsimile. 

DOMESDAY BOOK, or the Great Surv^^ 
William the Conqueror, a.d. mlxxx .t \ 
of the part relating to Oxfordshij 




Books relating to the Neighbourhood of Oxford. 



ARCHITECTURAL TOPOGRAPHY— AN ARCHITEC- 
TURAL ACCOUNT OF EVERY CHURCH IN 

I. Oxfordshire, 2s. 6d, 11. Berkshire, 2s. 6d, 
HI. Buckinghamshire, 2s, 6d. 

Its Dedication, — Supposed date of Erection or Alteration, 
— Objects of Interest in or near, — Notices of Fonts, — Glass, 
Furniture, — and other details. — ^Also Lists of dated exam- 
ples, Works relating to the County, &c. 

The set of Three Parts in One Volume, Le. containing the whole 
of the Diocese of Oxford, Zvo,, cloth, Zs. 6//. 

A GUIDE TO THE ARCHITECTURAL ANTIQUI- 
TIES IN THE NEIGHBOURHOOD OF OXFORD. 
^vo,, illustrated by ^Zo Woodcuts, 12s. 

Folio, cloth, price 8x. 

OXFORDSHIRE— DOMESDAY BOOK, or the Great Sur- 
vey of England of William the Conqueror, a.d. mlxxxvi. 
Facsimile of the part relating to Oxfordshire. 

This is an exact facsimile taken by means of Photography. The process 
is named by Sir Henry James, — Photozincography. The actual MS. of the 
Domesday Survey was by permission taken to the Ordnance Oflfice at 
Southampton, where under the general superintendence of the Director of 
the Ordnance Survey the photograph was taken and transferred to zinc^ 
from which the copies are printed. Thus the slightest mark in the original 
occurs in this facsimile, 

DOMESDAY BOOK, or the Great Sun^ey of England 
William the Conqueror, a.d. mlxxxvi, A literal Tmnslajj 
of the part relating to Oxfordshire, with lDtrodiictio| 
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